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Abstract

In this work a new strategy is proposed in order to build analytic and microscopic models of fluctuating
polymer rings subjected to topological constraints. The topological invariants used to fix these constraints
belong to a wide class of the so-called numerical topological invariants. For each invariant it is possible to
derive a field theory that describes the statistical behavior of knotted and linked polymer rings following a
straightforward algorithm. The treatment is not limited to the partition function of the system, but it allows
also to express the expectation values of general observables as field theory amplitudes.

Our strategy is illustrated taking as examples the Gauss linking number and a topological invariant be-
longing to a class of invariants due to Massey. The consistency of the new method developed here is checked
by reproducing a previous field theoretical model of two linked polymer rings. After the passage to field
theory, the original topological constraints imposed on the fluctuating paths of the polymers become con-
straints over the configurations of the topological fields that mediate the interactions of topological origin
between the monomers. These constraints involve quantities like the cross-helicity which are of interest in
other disciplines, like for instance in modeling the solar magnetic field.

While the calculation of the expectation values of generic observables remains still challenging due to
the complexity of the problem of topological entanglement in polymer systems, we succeed here to reduce
the evaluation of the moments of the Gauss linking number for two linked polymer rings to the computation
of the amplitudes of a free field theory.
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1. Introduction

Topological structures appear everywhere in nature and shape the properties of physical
systems at practically almost every scale of length, from proteins and long polymers to stars.
Eliminating knots and links in polymer materials allows to construct polymer networks that are
supersoft and superelastic [1]. On the other side of the scale, it is known that topology constrains
the energy stored in the solar magnetic field [2,3]. It is important to quantify the topological com-
plexity of the solar magnetic lines in order to predict phenomena that are potentially dangerous
for our civilization like solar flares and coronal mass ejections [4—0].

One of the most outstanding tasks of polymer physics is to construct analytic and microscopic
models that are able to characterize the behavior of matter in the presence of topological con-
straints. The main difficulty is that in physics the interactions are traditionally taken into account
by potentials, but the entanglement of long, quasi one-dimensional objects cannot be easily de-
scribed in this way. Some help in the case of polymers with closed conformations has come from
the advances made by knot theory in the last decades. Nowadays powerful topological invari-
ants are available in order to distinguish the different topological states of a given system. Field
theoretical models of topological entanglement based on some of these invariants already exist.
Their main feature is that topological field theories are responsible for mediating the interactions
between the monomers arising due to the presence of the topological constraints. The first field
theory describing the statistical behavior of two rings in a solution and linked together has been
derived in Ref. [7]. Before, several other models have been proposed, in which the fluctuations
of one of the polymers have been approximated in several ways, for instance by considering
them as white noise [8—14]. In [7] the topology of the two-ring system is fixed using the Gauss
linking number, a topological invariant that is related to the vacuum expectation values of the
observables of a topological field theory called the Abelian BF model [15]. The vector bonds
of the two polymer rings are replaced by monomer densities, whose fluctuations are taken into
account in the partition function by performing a statistical sum over a set of replica complex
scalar fields. The interactions due to the presence of the topological constraints are propagated
by the topological fields of the Abelian BF model. This simple model has allowed some useful
predictions. For example, it has been possible to conclude that the topological complexity of a
link formed by two polymer rings, measured according to increasing values of the Gauss linking
number, rises linearly with the length of the rings [16]. This prediction has been later confirmed
by an independent calculation in [11]. Moreover, the renormalization group analysis performed
in [17] has shown that the monomers of two very long polymers entangled together are subjected
to attractive interactions of entropic origin due to the presence of the topological constraints. This
attraction has also been observed experimentally in [18]. On the other side, it is known that un-
entangled polymer rings slightly repel each other even in the absence of excluded volume forces.
In [19] the co-existence of attractive and repulsive forces in a system of two linked polymer rings
has been proved with the help of nonperturbative methods.

Once a model has been derived for a given topological system, it can be useful to understand at
least some of the features of other systems in which topological relations play an important role.
Indeed, topological matter may be realized using very different quasi one-dimensional objects,
like for instance polymers or the lines in the solar magnetic field, but the behavior of these
objects is influenced by the same topological constraints. For instance, the Abelian topological
field theory [7], originally derived for polymers, can be mapped into a theory of quasi-particles in
multi-layered superconductors [19] and is relevant for topological computing too [22—29]. On the
other side, the topological field theories of [20,21], constructed having in mind the application
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to polymer physics of more powerful topological invariants than the Gauss linking number, turn
out to be important for topological insulators [30-33].

The major drawback of the Gauss linking number is that it is a weak topological invariant. It
is not uncommon that the values of the Gauss linking number computed in the case of two topo-
logically inequivalent links are the same, so that the two links cannot be distinguished according
to this invariant. In order to construct models based on more refined invariants it is possible to
follow different strategies. Here we choose the approach pioneered by Sam Edwards [8] which
has shown to be very promising in the past. This approach makes use of the so-called numer-
ical topological invariants. The latter have the advantage that can be expressed in the form of
contour integrals computed along the paths of the loops composing a knot or link. As a conse-
quence, these invariants depend explicitly on the physical paths of the polymers. The topological
constraints are imposed on a set of N loops C1, ..., Cy by requiring that the value of a given nu-
merical topological invariant Ty (Cy, ..., Cx) should be equal to some number m. The statistical
sum over all loop conformations is performed via path integral techniques [34]. The constraint
v (Cy,...,Cy) —m = 0 is taken into account by inserting in the partition function a Dirac
delta function enforcing that condition. The presence of a Dirac delta function in a path inte-
gral is quite awkward. This shortcoming is circumvented exploiting the Fourier representation
S(ty —m) = j;o %e_i’\(”\’ —™)_1In this way a new parameter A is introduced, namely the
Fourier variable conjugate to m. Yet, the expression of tx(Cy, ..., Cy) consists in general of
very complicated multiple contour integrals over the paths Ci, ..., Cy, a fact that makes the
evaluation of the statistical sum over the loops Cj, ..., Cy an outstanding problem. It is at this
point that field theory comes into play. The idea of [20] is to construct a topological field the-
ory with the special characteristics that: i) it is possible to define N observables Oy, ..., Oy
such that their expectation value (O; ..., Oy) coincides with e~ AN (C1..CN)+ §i) The observ-
ables O1, ..., On are non-local objects similar to the Wilson loops possibly with some slight
modifications in order to make them both gauge invariant and metric independent; iii) the whole
dependence on the i —th loop C;, where i =1, ..., N, is confined to the i —th observable, i. e.:
O; = O;(C;). If such a theory exists, the path integration over all possible loop conformations
can be split into N separate integrations in which only a single loop is considered. This is a
consistent simplification that, together with property ii), allows a straightforward passage from
paths to monomer densities using standard second quantization techniques [20]. As an upshot,
the partition function of a system of interlocked polymer rings is mapped into the partition func-
tion of a field theory that is both polynomial and local, thus eliminating the non-polynomiality
and non-locality that were present in the original formulation. In the case of the Gauss linking
number, an example of topological field theory that satisfies the requirements i)—iii) is the already
mentioned Abelian BF model of Ref. [7]. For higher order invariants, special Chern-Simons field
theories with non semi-simple gauge groups are necessary [21,20]. Numerical topological invari-
ants are often characterized by path ordering, so that the order of the integrations in the multiple
contour integrals over the loop paths is constrained. In this case Chern-Simons fields must be
coupled with auxiliary one-dimensional fields that take into account the path ordering. A topo-
logical field theory of this kind related to a topological invariant called the triple Milnor invariant
has been derived in [35].

Despite many efforts and some relevant advances that have been achieved with the help of field
theories or alternative methods [12,13,36,37], the modeling of topological structures in polymer
systems is still affected by several limitations. In what concerns the techniques based on field
theory worked out in [7,21,20,35], their validity is restricted to a few invariants and, in the case
of an arbitrary invariant, there is no general algorithm for building topological field theories sat-
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isfying the properties i)—iii) defined above. It is licit to expect that the difficulties of deriving such
field theories will increase with increasing complexity of the topological invariant used to fix the
constraints. In the case of knots, even the simplest numerical topological invariant is character-
ized by a very complex mathematical expression. This is the major reason for which up to now
no microscopic analytical model exists that is able to describe the statistical behavior of a single
knotted polymer ring. Moreover, so far only the partition function of the interlocked polymer
rings can be mapped to field theory. No generalization of this mapping exists if, instead of the
partition function, the averages of observables like the gyration radius or the distance between
two points of the link are considered. A further complication stems out from the fact that the
coupling constant that determines in the field model the strength of the interactions between the
monomers due to the topological constraints is the Fourier parameter A. This coupling constant
can take any possible value on the real line, making it difficult to choose a suitable approximation
for performing any calculation.

In this paper a new approach to construct field theoretical models of links formed by polymers
and overcome at least in part the above difficulties is presented. In the previous approaches the
lack of potentials describing topologically entangled polymer rings has been solved by the intro-
duction of very special topological field theories that are able to reproduce with their amplitudes
the expression of the invariant used to fix the topological constraints. On one side this strategy is
very elegant, because it considers the interactions of topological origin between the monomers in
the same way as the fundamental interactions in high energy physics. The only difference is that
in polymer systems the interactions originate from the presence of topological constraints and are
mediated by topological fields. On the other side, the models obtained in this way are affected by
the drawbacks explained before. With the present work potentials gain back the leading role. The
idea is that numerical topological invariants can be regarded as potentials. Despite the fact that
the expressions of such invariants are complicated, being both non-local and non-polynomial, it
will be shown here that it is possible to simplify them with the help of field theories. The starting
point is the observation that numerical topological invariants consist of a sum of multiple contour
integrals along the paths of the N loops composing a given link. The loops are curves in space
whose positions are specified by the position vectors r1(s1), ..., ¥y (sy), where the parameters
S1, ..., Sy are the arc-lengths parametrizing the curves. The trick, which is well known in poly-
mer physics and in solar magnetohydrodynamics, is to replace the position vectors by magnetic
flux densities concentrated inside the loops. Instead of searching for topological field theories
whose amplitudes coincide with the exponent of the topological invariant e =™ (€1 CN) - N
magnetic flux densities b (x), ..., by (x) are introduced. Suitable constraints relate these densi-
ties to the paths of the N loops and allow to write the invariant 75 (Cy, ..., Cy) as a function
of by(x),....,bny(x): tn(Cy,...,CNn) =N (b1(x), ..., bNn(x)). This procedure, which consists
in a few simple steps that will be stated precisely in the Conclusions, is sufficient in order to
disentangle the loops, reducing the statistical sum over all their possible conformations to N in-
dependent path integrals, each one involving a single loop. Using standard techniques of second
quantization, for each topological invariant a field theoretical model is obtained, in which the
action governing the fields is both polynomial and local. Surprisingly, this simple strategy has
never been investigated in the over fifty years of history of the application of field theory to build
models of topologically entangled polymers.

The new way of mapping the problem of topologically entangled polymer into a field theory
presents several advantages with respect to the previous ones:
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1. In the final field theoretical model the connection with the original topological constraints is
not lost. The requirement ty(C1, ..., Cy) = m is substituted by the following condition on
the magnetic flux densities: ty (b1, ..., by) =m.

2. The passage from the statistical sum over the loop conformations to a path integral over fields
is straightforward and can be easily generalized to any numerical topological invariant.

3. There is no need as in previous approaches to use the Fourier representation of Dirac delta
function imposing the topological constraints. We will show here that in this way the expres-
sion of the second topological moment of the Gauss linking number, that could be calculated
only approximately in Ref. [16], may be derived in closed form after evaluating the ampli-
tudes of a free field theory.

4. The passage from loops to fields may be easily extended to include also the expectation
values of the observables and not only the partition function of the entangled polymer system.

In this work the new method is applied to numerical topological invariants with no path ordering.
First, the procedure is tested in the case of the Gauss linking number denoted here with the sym-
bol 72(C1, C2). The final field theory is a Ginzburg-Landau type model with replica scalar fields
coupled to abelian BF fields. The equivalence of this model with the previous model of Ref. [7]
is proved. The original condition on the Gauss linking number 72(C1, C2) = m is replaced by
the condition that the so-called cross-helicity of two abelian BF fields is equal to m. The cross-
helicity is a well known topological invariant used for instance in solar magnetohydrodynamics
[38—40]. Next, we build a field theory model corresponding to a third order topological invariant
that has been derived in [21,20] by computing the amplitudes of the observables of a topological
field theory with a non semi-simple gauge group of symmetry. The same invariant has also been
proposed to describe the topological entanglement of the lines of the solar magnetic field, see
[40]. With respect to the previous methods, not only the partition function of the system, but also
the averages of a general class of observables are mapped into the amplitudes of replica scalar
fields.

2. The case of the Gauss linking number

The Gauss linking number 72(C1, C») is the simplest example of numerical topological in-
variants. It describes the topological states of two closed polymers whose paths C and C, are
linked together. To simplify the notations, we will assume that both loops have the same length
L. Representing C; and C; as curves parametrized by the arc-lengths s and s, respectively,
with 0 < 1,52 < L, it is possible to express 72(Cy, C2) in a form in which the dependence on
the physical conformations C; and C3 is explicit:

F2(s2) x (ra(s2) —r1(S1))} 0

| L L
(C1,Cr)=— | ds dsori(sy) -
2(C1, C) 4710/ 10/ 2F1(s1) |: 20 — 16D

In Eq. (1) the position vectors r(s1) and r,(sy) specify the positions of the points of C and C»
in space and r;(s) = % In the partition function Z[m] describing the fluctuations of the two
polymer loops the topological states will be restricted by requiring that:

(C1,C)=m 2

Using the path integral formulation of the statistical mechanics of polymers due to Edwards [8],
Z[m] may be written as follows:
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=/Drl(S)Drz(S)e_Sﬁ”@(Tz(Cl,Cz) —m) 3)

In the above equation we have put

pol Z/ S—I' (S) 4)

110

with N = 2. a denotes the Kuhn length. Moreover, we have assumed that the path integrations in
Dri(s), i =1, 2, are performed over loops that start and end in a fixed point r; 9. An additional
integration over rj o and r; ¢ is necessary in order to recover the case of two freely moving
polymer rings.

In order to simplify the path integration over r1(s) and r»(s), we introduce the new quantity:

o' b= — / dx / d%e*”%%x)f — )|§ by () (5)

b'(x) and b*(x) being two fictitious magnetic flux densities with spatial components bL(x) and
bi (x), w=1,2,3. In Eq. (5) the symbol €e*" denotes the completely anti-symmetric tensor in
three dimensions defined by the condition €!23 = 1. The identity

(', b*) =0 (C1, Ca) (6)

is satisfied provided b' and b? are defined as follows:

L
b'(x) = f ds1(s)8(x — r1(s)) (7)
0
L
b (y) = / dsi2(s)8(y — ra(s)) (8)
0

b'(x) and b*(x) may be thought as magnetic flux densities generated by two fictitious currents
j'(x) and j?(x) circulating respectively along the loops C; and Cs:

L

j"(x):/dsi‘,-(s)% i=1,2 9)

x—ri(s)]
0

Let us notice that, due to the presence of the Dirac delta functions in their definitions, b and
b? transform under general diffeomorphisms as vector densities and not as pure vectors. This
means that, with respect to pure vectors, they pickup after a general coordinate transformation
an additional factor consisting of the inverse Jacobian of the transformation. Moreover, it turns
out from the definitions of Eqs. (7)—(8) that both b' and b are purely transversal, i.e.

V-b'2(x)=0 (10)

This is because the line integral around a closed loop of the gradient of a function that is not
multivalued is always zero. Taking into account Egs. (5)—(8), the partition function of Eq. (3)
becomes:
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= / Dri(s)Dra(s)Db" (x)Db*(x)eSrel

(& oot
x]_[a b’(x)—/dsrl(s)S(x—r,(s)) ]‘[3( .bf(x)) (11)

In the last line of the above equation the first product of two functional delta functions en-
forces the conditions (7)—(8) on the fields b"%. These conditions affect only the tranverse
degrees of freedom of b' and b%. For this reason, the additional product of delta functions
IT; =19 (V b/ (x)) has been inserted in the partition function in order to impose also the
transversality conditions of Eq. (10). Technically speaking, Z[m] is the partition function of
an abelian gauge field theory quantized in the pure Lorentz gauge. For such kind of theories the
longitudinal degrees of freedom are present only in the gauge fixing terms.

At this point we use the Fourier representation of the two functional delta functions that fix
the constraints (7) and (8) in Eq. (11). As a result, the path integration in Dr(s) and Dr>(s)
reduces to a product of two path integrals in which the integrations over the conformations of the
loops C and C; are completely decoupled:

m)= / Db () DB () De! (x)De ()~ 2i-1 ] (¢ 0#0)

( fd* /d3 hvrp! (x)T y)|3” b2(y) — ) (v-¢)
2

x HB(V-bf(x) [ f Drisye™ b e[ FHO=H “”}] (12)
j=1

We remark that the new fields ¢! and ¢ are true vector fields and not magnetic field densities.
The partition function of Eq. (12) is invariant under the gauge transformations ¢’ (x) —> ¢ (x) +
V' (x). As a matter of fact, the fields ¢/ (x) are appearing either in the scalar product with the
purely transverse fields b’ (x) or in loops over closed paths. This invariance has been fixed using
the pure Lorentz gauge. The gauge fixing terms in this case consist of the product of functional
delta functions ]_[1-2:1 1) (V . (x)). The summations over ri(s) and r>(s) may be transformed
into path integrals over replica fields using the formula (see Appendix A and [8,34] for its proof):

L . i i
/'Dri(s)effo dsL(# (s),ri(s),¢') _ lim [H/Dwifapl/’i,a |1ﬁi,1(”i,070)|2
=1

n;i—0

X exp Z/d* fdt[ ,a(———(V—zc’) —zn,(x)) wi,a] (13)

where
L(Fi(s), ri(s), 6)— ) r 2(s) +iFi(s) - € (ri(s)) +in(ri(s)) (14)

The fields w* (x,1),. wl*n (x,t)and ¥, 1 (x,1), ..., Vi (x,t) are n;—tuples of replica com-
plex scalar fields, whlle the n;(x)’s represent real scalar fields. For the moment, we will assume



8 F. Ferrari/ Nuclear Physics B 948 (2019) 114778

that n; (x) = 0. With the help of Eq. (13) the partition function Z[m] of Eq. (12) may be rewritten
as follows:

ny,n2—>0 |

X ﬁ I:(S (V . bi) k) (V . ci) Wi 1 (i 0)|2] eii Ziz:l fd3x<ci(x),bi(x))
i=1 LIV

Z[m]= lim D(ﬁelds)8( fd3 /d3ye’”pb1(x)( y)|; p(y) )

L
X exp Z Z fd%/ [1//, . (% - %(V - icl‘)2> I/f,,ai} (15)
i=1aj=1 0
with
/ D(fields) = / HDb’ (x)De' (x) ]_[ DY}, (X, DV q, (x,1) (16)
ai=1

Instead of dealing with the magnetic flux densities b’ (x), it will be more convenient to introduce
the new vector fields a', a® performing the field transformation:

b(x)=V xa'(x) i=1,2 (17)

The fields a’ are not vector field densities. The Jacobian of the transformation (17) is a trivial
constant. After performing the above change of variables, the functional delta function imposing
the topological constraints in (15) can be simplified using the identity:

/d3 /d3ye’“""b (x)T y)|; b2 (y) = /d%eﬂ”ﬂa;(x)avag(x) (18)
To derive Eq. (18) we have used the formula below:
1 (x—y)° 0y 0™
Eeuvpaveparm = 8/; — 52 S(x —y) (19)

In terms of the new degrees of freedom a’, the partition function (15) describes a model in which
the interactions due to the topological constraints are propagated by a set of abelian BF fields:

1
Zlm]= lim /D(ﬁelds)(S (—fcﬁxewalavaz —m) e
47 pemme

ny,ny—0

2
X 9110710, OP12,1 (2.0, O P T8 (V- ') 6 (V- /() 20)

i=1
with

2
S2=i2fd3xe“”ch8VaL
+22/d3 /dt[ a7 —Yig +

i=1a;=1

- ( —lC)I//,al

} 21
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and

2 n;
/ D(fields) = / ]"[Da" (x)De' (x) ]_[ / DY}y (X, DY, (x.1) (22)
i=l1

ai=1

This is the desired result. As it is possible to see, the topological constraint (2) imposed on the
conformations of the fluctuating loops C; and C3 has been replaced in the final polymer partition
function by the condition:

/ dxa' -b>=m (23)

The quantity in the left hand side of Eq. (23) is called the cross-helicity of the magnetic fluxes
b'(x) =V x a'(x) and b*(x). The cross-helicity is a topological invariant widely applied in
solar magnetohydrodynamics [40].

2.1. The Laplace transformed partition function

An alternative expression of the partition function of two linked polymer rings can be derived
by performing a double Laplace transform of the partition function (3) with respect to the lengths
of the loops. Taking the Laplace transform of the partition function Z[m] of Eq. (12) with the
help of formulas (A.11)—(A.13) in Appendix A, we obtain the partition function Z[m] in the
Laplace space:

. 1
Z[m]= lim  lim / D(fields)s <E / d*xe"a)d,a’ —m> e

ni,ny—>0¢€p,e—0
2 . .
X [41,101,0) P12 a0 P T8 (V- a'0) 8 (V- ¢ () (24)
i=1

where
2
S, =iZ/d3xe“”pclu8,,afo
i=1

2 n;
+i) 2. /d3x1/f§fai [(z,- i)+ 2 (V- ic")z} Via (25)

i=1a;=1
and

2 n;
f D(fields) = f [[Pd D) [ ] / DY 0, () DYjq, (%) (26)
i=l

a;i=1
2.2. Equivalence with the previous model of Ref. [7]

In this Section the equivalence of the field partition function in Eq. (20) with that of the model
derived in Ref. [7] will be shown. To this purpose we go back to Eq. (15) and express the Dirac
delta function imposing the topological constraint using its Fourier representation:
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—+o0
. _ 2 3 i i
Z[m]= lim dae' M / D(fields)e " =1/ 4 w(dwviw)

ni,ny—0
—00

xﬁ8<V~bi(x)> 5 (V') W1 (i, 0O

i=1

xexp{ /d3 fd3 e’“’pbl(x)T y)|; p( )}
< 3 * d a 182
X exp —Z/d x/dt[lﬂl,a (E—E(V—zc ) >¢1,a]
a=1
X exp Z/d3 /dt [m( - —(V ic2)2> 1//2’b:| 27)

In this new form it turns out that one of the fields b', b> may be interpreted as a Lagrange
multiplier. For example, the integration over b produces in Eq. (27) a functional delta function
enforcing the condition:

(x —¥)e

A
21 oTR 1 —
A(x) +e 471[ bl(y )| |3_0 (28)

Thus, after integrating over b?, the partition function (27) becomes:

+o00 2
. I U
Ziml= lim | die / Ditietdsy'e™ OV Ty, 1. 002

ni,np—0
—00

x8<02“(x)+%/d3ye”r“b (y)T y)lg) (V b )Ha(v c)

i=1

X exp Z/d3 /dt [wl . (— —(V—tc ) >¢1,a}
- 3 « (0 @ . 2\2

X exp —Z/d x/dt |:1ﬂ2,b <§ - g(V—lc ) )1/f2,b:| (29)
b=1 0

where, with respect to the measure D(fields) in Eq. (22), in D(fields)’ the sum over the field
b’ (x) is missing. At this point we perform the substitutions:

by (X) = €gpc0” B (x) ¢}, (x) = B}(x) (30)
BZ (x) being a completely transversee vector field. In this way, the constraint (28) simplifies to:
¢y (x) = AB) (x) (31)

and the partition function Z[m] of Eq. (29) reduces to:
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400
Z[m]l= lim dre'*m / D(fields)”e~i€"" [ @*xBioB,

ni,ny—0
—00

2
< [18(V-B'@) 101.101.0. 0P 12,120, 0)

i=1

X exp —Z/d3 fd;[ (———(V iABz)2>w1,a}

X exp —Z/d3 /d;[¢2b< (V—szl)>¢ ] (32)

with
2 n;
Di(fields)” = DB' x)DB*(x) [ [ [ | D/, (x. ) DY, (x. 1) (33)

i=1 a[=1

The above partition function coincides with that of the model derived in [7].
2.3. Statistical mechanical interpretation of the derivation of Eq. (32)

First, we note that the partition function (20) can be regarded as a statistical sum in the micro-
canonical ensemble where the energy has been replaced by the cross-helicity. Indeed, we may
rewrite Eq. (20) in schematic form as follows:

Z[m]:/DXDY(S(H(X)—m)exp{—iX~Y+S(Y)} (34)

where X represents a generic configuration of the fields a'(x) and a%(x), Y denotes the
configurations of the remaining fields and H(X) is the cross-helicity. Moreover X - Y =
Z?:l emve [ d3xa;;3vc; and S(Y) contains all the contributions of the fields ¢/ (x), I//;jai (x,1)
and V; 4, (x,t). In order to pass to the canonical partition function, we introduce the fictitious
thermodynamic temperature A~ and sum Z[m] over all possible values of the energy levels m:

+00
Z[A] = / e % ZImldm (35)

The results of the integration over m is:
Z[M] = /DXDYe i exp (—iX - Y + S(V)) (36)

Z[A] can be considered as the canonical partition function. The only difference in the passage
from the microcanonical ensemble to the canonical one is dictated by the fact that in the present
case the energy is replaced by the cross-helicity. In statistical mechanics the energy is supposed
to be bounded from below. The cross-helicity instead can take arbitrary negative values. For this
reason in Eq. (35) Z[)] is obtained from Z[m] via a Fourier transformation and not via a Laplace
transform.
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In Eq. (36) the integration over the X degrees of freedom, i.e. the fields a'(x) and a?(x),
becomes straightforward. The result of this integration is the partition function of Eq. (32). It is
thus possible to say that the model of linked two polymers obtained here, see Eq. (20) and that
of Ref. [7] are the same partition function represented in two different statistical ensembles.

2.4. Solving the constraint % fd3x6"”pa118vag =m

As we have seen, the field theory version of the constraint (2) is a condition on the cross-
helicity of the fields a'(x),i =1, 2:

- 3. nvp 1 2 _
o= d’xe"’a,d,a, =m (37)
In order to find the solution of the above equation, we consider two non-fluctuating (i.e. static)

loops C; and C; that are concatenated in such a way that the link formed by them has Gauss
linking number equal to m:

(€1 Ca) = €y 7§ xlf po2 X)L (38)

2 Jxp — x|

Next, we rewrite the above equation in a field theory form:

d?
/ CX o pl 3, A2 = m (39)
4
Indeed, choosing the configurations of the classical fields Al (x), Az(x) as follows:
1 " 2 d.xg
AP (x)= P dx;8(x —x1) and A P (x) = (40)
J J |x —x2]
Cy C
it is easy to show that:
dxi y (2 —x1)? Px )
A WA, 41
6"””% 7§ 2o —xl /4rr ' @b

Eq. (40) provides the solutions Al(x), Az(x) of the field theoretical version of the topological
constraint given in Eq. (37).
Performing in the partition function (20) the change of variables:

a'(x) = Al (x) + 8d’ (x) (42)

where 8a’(x) is a small perturbation of the static field configurations Al (x), it is possible to
study the fluctuations around the fixed conformations Cy and C; of two polymer rings forming a
given link with Gauss linking number equal to m.

3. The case of a higher order link invariant

In this Section the previous strategy to build field theory models of linked polymer rings will
be generalized to higher order numerical topological invariants. In particular, it will be considered
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the following invariant which takes into account of the topological relations between three rings
Ci, (2, C3:

B(C1. €2, C) = [ a8, 0 Bl()B) @) 3)
where
i €uot o (x —r)t
= ; 44
Bu =" 5£dr’ x—ri @
Ci

In the above equation the indices i, j, k = 1, 2, 3 number the loops Cy, C2, C3. 173(Cy, C3, C3) is
a special case of a class of invariants due to Massey. It has already been proposed to distinguish
the topological states of the solar magnetic field [40] and of a system of linked polymers [20,
21]. It has been shown in [21] that the expression of t3(Cy, C3, C3) may be isolated from the
amplitudes of a Chern-Simons field theory with non semi-simple group of gauge symmetry. As
in the case of the Gauss linking number, we rewrite t3(Cy, C, C3) using magnetic flux densities
bl, b? and b>:

(', b2, b%) = €;jx / dxd’yd*zbl, (x)b) (y)b (@) (x, y, 2) (45)
with

MM (x, y, z) = /d3wewpe“’”’(26”"1"26/’““ (©— x)? - y)gz - Z)Agz (46)

lo—x|° [@—y° |o—z|

It is easy to check that the relation

73(C1, €2, C3) =13 (6", 0, ) (47)
is valid provided:

L
b (x) = / dsri(s)8(x —ri(s)) (48)
0
In the following we will consider the amplitude of an observable O of the general form:
3 L L L
0= Z /ds, fds fds,’gf(ri(si), ri(sh), ri(sp) Ak (49)
Lik=lo 0o 0

The Ai/k ’s, i =1, 2, 3, are constant coefficients. Similarly to what has been done in the case of the
Gauss linking number, we eliminate the contour integrations over Cy, Cy, C3 in the observable
introducing fields. In the present case it is possible to rewrite the expression of O using a set of
scalar fields ¢1, ¢2, ¢3 such that:

L
8,00 = [ dsote ~ri) (50)
0
The form of O in terms of the fields ¢'s is:
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0= Z / Ixdyd*zf (x, y, 2)$i (X)p; (¥)i (2) AV (51)

i,j,k=1

We are now ready to consider the expectation value (O) for a system of three polymer rings
whose fluctuations are constrained by the condition 13(C1, C2, C3) =m

]‘[[ / Dr;(s)Db' (x)Dép; (x):| (‘L’g(bl b2, b%) — )

3
3 ..
Z d3xd3yd3zf(x, Y. 09i ()¢ (M) A

i, j k=1

3

L
Xli[ 8| di(x) — /dsS(x—r,-(s)) ]_[[a(v.bi(x))]
0

i=1 i=1

3 r L
< [T |80 - / dsii()8(x —ri(s)) | | e Spa (52)

:[_ 0

The definition of S;Ol has been provided in Eq. (4). To pass to the Fourier representation of the
functional Dirac delta functions in the last two lines of Eq. (52), we introduce the new fields
n; (x) and ¢’ (x). They are respectively the Fourier conjugate fields of ¢;(x) and b (x). As an
upshot, it is possible to rewrite Eq. (52) as follows:

3
=[] U Db’ (x)¢' (x)Depi (x)Dr; (x)} 8 <r3(b1, b, b’) — m)
i=1

> [ 3z 3200008, )00 AT

i,j,k=1

x [}ja(v ~bi>:| [i]ja(v.cﬂ

3
X exp {—i Z/d% (¢ @m0+ ()b (x) } Z|n.¢'] (53)

i=1

where
2[on.e]
3 L 3
=11 / Dri(s)exp{ — / ds [%i-%(s) —iFi(s) - €' (ri(s)) — im(ri(S))} (54)
i=1 0

The integrations over the polymer conformations r;(s) can be performed using Eq. (13). The
result is that (O) is mapped into the amplitude of a local field theory:
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3

()= lim J1 / Db’ (x)c' (x)Dgi (x)Dn; (x) [ | [PV, (%, )DYi 0y (x, 1)]
M2 ai=1

3
| X [ tsdzr ey 00w mn@at |5 (ne! 2.5 - m)

i,j.k=1

3
X exp {—i Z/d3x <¢,~ x)mi(x) + ¢ (x) - b’ (x))}
i=1
3 n L 5 a 2
X exp —Z Z /dSX/dtW;ja,- [E ~% (V - ici) - ini(x):| Yia;

i=1a;=1 0

x ]i[ Wi a0, 0P8 (V-5'x)) 5 (V')
i=l1

The fields n; (x) are Lagrange multipliers. The integration over these degree of freedom results
in the appearance in the right hand side of Eq. (55) of a functional Dirac delta functions imposing

the conditions:

L

5.09=3" [ dilvia .0 i=1,2,3

a,':10

As a consequence, after the summation over the fields ¢; (x) and n; (x) we obtain as a result:

3 n;
(Oy=lim TIl/DV@NTM]T[D¢LALDD¢mAL0]
’ i=1 ai=1

L

3 n;
X ( > Ak / Pxd’ydzf (x,y,2) ) / dt| i a (x. 1)
1

k=1 a=lg
L

L e
x /dt'lllfj,a,(y,t’)l2 > /a’t//llﬂlc,ak(z,t”)l2
0

ap=1 0

3 3
x 8 (30", %, 6% —m Whmﬂmﬂ[ SVbiSVwi]
(s )[Tiverei0.0F | [T (7-#)3(v <)
3
X exp {—i Z/d3xci(x) .bi(x)}
i=1

i=1a;=1

3 n; L
X exp § — Z Z /d%/dtlﬁi’fai [% - % (V - ici)2:| Yia;
0

Finally, we perform the field transformations:
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b(x)=V xa'(x) i=1,2,3 (58)

The Jacobian of this transformation is a trivial constant. We require also that the fields a’ (x) are
quantized in the pure Lorentz gauge in which:

V.-a(x)=0 i=1,2,3 (59)

After a straightforward calculation it is possible to check that in terms of the new fields a’ (x) the
expectation value of the observable O takes the following form:

3 nj

©)= lim J]J / Da' (x)c' (x) [ ] [PV, (. ODYig, (x.0)] | e

ny,nz,n3—0 "
i=1 ai=1

X 8 <t3(al,a2,a3) - m) |:ﬁ5 (V ~ci(x)> ) (V 'ai(x)):|
i=1

n;

3 L
% Z Aijk/d3xd3yd3zf(x’y,z) Z/dﬂwi,ai(x,t)lz

i,jk=1 ai=1y
nj L ne L
<[ / ' 1ia, O | | D f dt" [ (2.1
aj:lo ak:10
3
< [ T1vi1(rio. 017 (60)

i=1

where

3
S3=1i Z/‘d%e“”pc;ava;
i=1
n;

3 L
#2003 [ [, [% —2(v- ic")z} Via (61)
0

i=1 a,'=l
and

n@'. a’, a’) = f dweje" al, (w)a] (@)as (@) (62)

4. The moments of the Gauss linking number as amplitudes of a free field theory

The starting point of this Section is the partition function Z[m)] of Eq. (24). In the action S5
of Eq. (25) we isolate the contributions that are linear and quadratic in ¢':

nj

2
Sy =i dxci Ll — 3 L (W 0" g — 0V Vinar)
13 P 6 i i
i=1

a,-:l

2 n
" civwfa,-l} +iY Y [@ i - Vi ] (63)

i=1 a,~=l
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At this point we put

n;
ar. :
s== 3 2 [ a0 Vi = U Vi) + W] | (64)

ai=1

so that Eq. (63) becomes:

2
S, =i Z/dS)ch{e“”pE)vaL + Ji“}
i=1

2 n;

+i 33 |G ienlia = £V (65)

i=1 a,-=l

We note that the ¢’ fields are completely transverse vector fields, so that only the transverse
part of J; is selected when computing [ d3xc;l J l.“ . For that reason in Eq. (64) only the purely
transverse components of the currents J; are to be chosen, as it is stressed by the presence of the

subscript L in the right hand side of Eq. (64). The solutions aﬁ,(d) (x) of the equations:

" dyal = —J!" i=12 (66)
are:
; 1 (x—y)°
[ 3
a;;(c)(x)Z Eepar/d ymjig(x) (67)

It is easy to show that in Eq. (67) only the purely transverse components of the currents JZ (x)
are present. Indeed, for any longitudinal vector field 3°¢ (y) the following identity holds:

f d3yepm%a”¢<y> =0 (68)
lx — yl

As a consequence, from now on the subscript L in the expression of the currents Ji” (x) of
Eq. (64) will be dropped. Performing in Eq. (65) the shift:

al (x) = al) (x) — P (x) (69)

we may rewrite the partition function Z[m] of Eq. (24) as follows:

[ ( [ Pvt @D, (x))

2
Z[m]= lim lim / [1|Pa”x)De x)
i=l1

ni,no—>0¢€1,6—0

a[:l
1 . N A
X 8 (E / d3xetvr (a}; — ab“”) Ay (aﬁ/ - af,“”) - m) e
2 . .
< [T1iaio1s (V@) 6 (V- () (70)

i=1

where
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2
o 3. _pvp i i
Sz—lZ/d xe"c, dva,
i=1

2 n
HY Z/dsx |G +ien Wial? = 21Vl (71)

i=1 a,'=l

In order to obtain Egs. (70) and (71) we have used the fact that the integration measure of the
a' fields is left invariant by the field transformations (69). Moreover, since V - a'D =, the
transversality condition of the fields a’(x) imposed with the help of Dirac delta functions in
Eq. (24), applies also to the fields a’/ (x).

In the action (71) the ¢! (x) fields are Lagrange multipliers enforcing the condition:

" dal(x) =0 (72)

Together with the transversality requirement V - a'’(x) = 0, this implies that the fields a’/(x)
may be easily integrated out in the partition function of Eq. (70). As a result of this integration
the fields a'/(x) can be set everywhere to be equal to zero. The final expression of the partition

function Z [m] becomes:
2 n
Z[ml= lim _ lim / TT11 ( / DY}, ()DYia (x))
i=1

ni,ny—>0¢€1,e0—>0

i=lagj=1
1 2
x 3 (E / dxea) D dyay D — m) [T1vii@ioPle (73)
i=1
with
2 n;
S5=i) >, f dx [+ ie) Wi = 21V (74)

i=1a;=1

Note that, while the action Sg contains only the fields wi* 2> Via; and there are only quadratic
terms with no coupling, Eq. (73) does not represent the partition function of a free model. As
a matter of fact, the fields wl.* ap’ Vi q; interact via the Dirac delta function that enforce the con-
straint:

% / d*xe"Paj(Do,a5 D =m (75)
This interaction becomes evident after passing to the Fourier representation of the delta function:
1 e L3 el 2(cl)
5 (E/d3xeuvpali(cl)aua§(cl) _ m) _ / dke_lk[ﬁ [ d3xemeal P, q? —m] 76)
—o0

Looking at the expression of the fields affd) given by Egs. (64) and (67), it is easy to realize

that the exponent in the right hand side of the above equation contains quartic interactions of the
fields " a VYig;-

Even if the partition function Z[m] of Eqgs. (73) and (74) is not free, it is still possible to
compute exactly the momenta (mk ), k=1,2,... of the Gauss linking number:
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+00
(m*y = / dm m* Z[m)] (77)

Indeed, after performing the easy integration over m, we obtain:

2 n;
ky _ . . * .
<m > - ’11}21211)061}612@)0/ ilj!al-_—ll (/ Dwz’al (x),DWz,a,- (X)>

2

1 k R4

x <E / d3xe““pa,5<d>ava3(d)) [T1viaGio)Ple (78)
i=1

where the fields a,i(d) (x) and the action Sé’ are provided respectively by Eqgs. (67) and (74).

5. Conclusions

One of the advantages of the mapping of the polymer problem to field theories is that the
partition function of the system and the expectation values of its observables become drastically
simpler. This simplification is well known in polymer physics starting from the pioneering works
of Edwards and de Gennes [8,41,42] and is particularly helpful in the presence of topological re-
lations. As a matter of fact, the statistical sum over the polymer paths is intrinsically complicated
due to the mathematical complexity of the topological invariants which consist of functionals that
are both non-polynomial and non-local in the position vectors r(s), ..., ¥y (s). The examples
worked out so far [7,21,20,16], show indeed that the partition function of topological constrained
polymers can be expressed via local and polynomial field theories. Despite these progresses, a
full formulation of the statistical mechanics of polymers in terms of field theoretical models has
stumbled against the difficulties arising when attempting to fix the topological constraints with
sophisticated topological invariants.

The strategy proposed here to overcome these difficulties is an algorithm to construct field
theoretical models that is valid for any numerical topological invariant Tx(Cy, ..., Cy) describ-
ing the topological states of N loops C1, ..., Cy and with no path ordering. For the first time it
has also been possible to include the averages of observables given in the form of Eq. (49). The
algorithm consists of three simple steps:

1. Substitute in 7 (C1, ..., Cy) all the occurrences of the contour integrals 55@ dr;(---) over
the loops C1, ..., Cy with volume integrals as follows:
faroe — [@wiwe 19)
Ci

where b’ (x) is a magnetic flux density such that:

b (x)= f dri(s)8(x —r;i(s)) (80)
Ci

In the integrand (- - -) the position vector r;(s) should be replaced by the space coordinate
x. After these substitutions the topological invariant 7y (Cy, ..., Cy) does no longer depend
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on the loop paths Ci,...,Cy and a new quantity Ty (bl, cee, bN) is obtained. The con-
straints (80) ensure that Ty (Cy, ..., Cy) =8B, ..., bY). Examples of this procedure are
Egs. (5)—(8) in the case of the Gauss linking number and Eqgs. (45)—(48) in the case of the
Massey invariant (43).

2. In the partition function of the system:

Zlm] = /Dn . DryeXici 3% 8ty (Cl. ... Cy) —m) (81)

substitute T (Cq, ..., Cy) with Ty (bl, cee bN). Impose the constraints (80) on the fields
b; (x) using functional Dirac delta functions:

Z[m]:[Drl...DrN/Dbl...DbNeZiN:l %8ty (Cy, ..., Cx) —m)

N
x ]_[3 b (x) — fdri (5)8(x — ri(s)) (82)
i=1 ¢

In the above equation the dependence on the position vectors r;(s) is concentrated in the
polymer action and in the functional delta functions. Rewriting the latter using the Fourier
representation, the polymer action factorizes into N independent actions describing the fluc-
tuations of a single polymer loop immersed in a magnetic field.

3. Apply Eq. (13) or alternatively Eq. (A.13) in order to eliminate the integrations over the
polymer paths and to pass to a local and polynomial field theory.

The averages (O) of general observables O require an additional recipe:

1-bis) In the expression of an observable O describing the properties of n loops substitute the
integrals over the arc-lengths of the i—th loop fOL ds;(---) with the volume integrals
fd3xq>,' (x)(---), where the fields ¢; (x) for i =1, ..., n satisfy the conditions:

L

¢i(x) = /dsi5(x —ri(si)) (83)
0

Implement these conditions in (O) by inserting in the related path integral functional
Dirac delta functions. Similarly as in step 2), also in the present case it is possible to
split the integrations over the paths r;(s) into N path integrals in which the sum over
these paths can be performed separately using the formulas in Eq. (13) or (A.13). The
fields ¢; (x) may be easily integrated out and the computation of () becomes equivalent
to the evaluation of an amplitude of a local and polynomial complex scalar field theory
interacting with topological fields.

The above algorithm has been worked out in full details in the case of two different linking in-
variants, the Gauss linking number of Eq. (1) and the Massey invariant of Eq. (43). The final field
theoretical models are respectively given in Eq. (20) and (60). The initial conditions on the fluc-
tuations of the polymer paths transform into new conditions imposed on the field configurations.
As a consequence, the connection with the original topological constraints is not lost after the
mapping from polymer paths to fields as it happens in the abelian BF theory coupled to replica
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scalar fields of Ref. [7]. For instance, in the partition function (20) a constraint is imposed on the
cross-helicity of the magnetic fields o' and b, see Eq. (23). In Eq. (60) the third-order topologi-
cal invariant (62) restricts the fluxes of the fields a!,a?, a®. Both these invariants are of interest
not only for polymer physics, but also for hydrodynamic studies of the solar magnetosphere
[38—40]. The Gauss linking number and the triple link invariant 73(Cy, C2, C3) of Eq. (43) are
just a few examples of topological invariants that can be included in modeling polymer systems
with the approach discussed in this paper. By applying the same approach to more complicated
invariants it will be possible to extract further topological relations between fields. Such relations
could be relevant in the investigations of different systems in which the behavior of long and thin
filaments is influenced by topology.

Let us note that the number of abelian Chern-Simons fields needed using the prescriptions
1)-3) and 1-bis) in order to take into account the topological constraints imposed by an N —th-
order invariant Ty (Cy, ..., Cy) scales as 2N. This is an important simplification with respect
to Ref. [21], in which six non-Abelian Chern-Simon fields are necessary in order to reproduce
the exponent e~ 4™(C1:C2.C3) \where 13(C, Ca, C3) is the Massey type invariant of Eq. (43).
Moreover, in the present approach the introduction of non-local gauge invariant and metric inde-
pendent operators like those of Ref. [21] is not required. Only in the case of the Gauss linking
number the partition function (20) contains an excess of abelian topological fields with respect
to the previous model of Ref. [7]. However, we have seen in Subsection 2.2 that the number of
fields can be reduced to two at the price of having to deal with the Fourier parameter A. In gen-
eral, the passage from the fixed value m of the applied numerical invariant to its Fourier conjugate
variable A is always possible and is actually helpful in order to get rid of the presence of cum-
bersome Dirac delta functions. The disadvantage of that procedure is that the Fourier parameter
A takes values over the whole real line, so that many approximation schemes cannot be applied.
Moreover, after any calculation there is the additional difficulty of performing the inverse Fourier
transform of the obtained result.

To check the compatibility of the models built following the prescriptions 1)-3) and 1-bis)
listed above, in Subsection 2.2 the partition function of two linked polymers derived in Ref. [7]
has been recovered starting from the partition function (20). We have also shown that the theories
of topologically entangled polymer rings obtained here provide several advantages with respect
to the previous ones. For instance, they allow a very efficient calculation of the moments (m*) of
the underlying topological invariants. In Section 4 the expression of (m*) has been reduced in the
case of the Gauss linking number to the amplitude of a free field theory that may be computed in
closed form. So far only an approximated expression of the second topological moment (m?) was
available [16]. Another important advance is the possibility of mapping the averages of general
observables into the expectation values of fields. An example is the average (O) for the wide
class of observables O given in Eq. (49).

Despite the progress represented by the approach discussed in this work with respect to pre-
vious analogous methods used to construct analytic and microscopic models of topologically
entangled polymer matter, there are still open problems and several future developments are pos-
sible. First of all, we have seen that the calculation of the moments of the topological invariants
has become much easier and, at least in the case of the Gauss linking number, it can be reduced
to the evaluation of the amplitude of a free field theory. The extension of this result to more
complicated invariants is still missing, but it should be straightforward. A tougher challenge is
certainly provided by the computability of the averages of general observables O. Thanks to the
new algorithm proposed here, now these averages can be expressed in the form of amplitudes
of replica scalar fields coupled to abelian topological fields. However difficulties in their explicit
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evaluation could be expected due to the presence of a Dirac delta function in the expectation
value (Q). There are only a few techniques that have been developed in order to cope with the-
ories containing delta functions, see e.g. Refs. [43—45]. A perturbative approach should also be
possible. The basis for a potential perturbative treatment are the classical solutions of Eq. (40)
for the fields a’ (x) derived in Subsection 2.4. In this way small fluctuations of the polymer rings
around a fixed link conformation satisfying the condition (37) could be investigated. Unfortu-
nately, the equations that determine the classical configurations of the replica complex fields and
the other couple of topological fields ¢! (x) are too complicated to be solved in closed form. In
conclusion, it is very likely that new, more powerful methods and approximations will be needed
in order to calculate amplitudes such as that in Eq. (60). Finally, the algorithm 1)...3) together
with step 1-bis) is valid only for numerical topological invariants with no path ordering in the
integrations over the contours of the polymer paths. The presence of path ordering in numerical
topological invariant is very common. For example the simplest numerical invariant that is able
to distinguish the topological states of a single polymer knot contains path ordered contour in-
tegrals. This fact has prevented so far the derivation of an analytic model of polymer knots. For
this reason it would be highly desirable to generalize the present approach to include invariants
with path ordering.
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Appendix A. Field theory representation of the Green function of a particle moving inside
a magnetic field

The main task of this Appendix is the derivation of Eq. (13). The starting point is the La-
grangian (14) that will be rewritten here for convenience in the form:

L(F(s),r(s), A) = Zifz(S) +ir(s) - A(r(s)) +in(r(s)) (A.D)

a

Apart from the presence of the complex factor i in the magnetic potential, this Lagrangian can
be interpreted as that of a particle immersed in a magnetic field. The related Hamiltonian is:

H= ‘g’ (p—iA)? —in(r) (A2)

First, we suppose that the polymer is an open chain with ends located in the fixed points r and
ro. The case of a polymer ring will be obtained in the limit:

r(ly=r=r0)=ro (A.3)
The path integral
r(L)=r
Ilr,rol = / Dri(s)e FEW-ri©.4) (A4)
r(0)=ro

is the matrix element between the states (r| and |ro) of the evolution operator e~ L:

Zlr, rol = (rle "% |r¢) (A5)
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rle HL|ro) satisfies the equation:
(rl 0 q

3
|:8_L — —(V—1A)2—m] (rle” L |ro) = 8(L)S(r — ro) (A.6)
together with the boundary condition:
trle M iro)| =80 —r0) A7)

From Eq. (A.6) it turns out that (r|e~L|r¢) is the inverse of the operator [% — % (V—iA)?—
i r/] and can be written as the Green function of a complex scalar field theory as follows:

Ldn/f*[i—-(v —iA)2—i

gy d DU Dyl TR L Wy 1y 0,0
[ DyDye Jd3x [ dm//*[—[—— iA)z—in]w

Finally, to get rid of the denominator in the right hand side of the above equation, we use the
replica trick Z~! =1im,_.o Z"~'. To this purpose we introduce a set of n replica complex fields

o Wa, a=1,...,n. In this way, putting together Egs. (A.4)—(A.8), it is possible to conclude
that

(rle (A.8)

r(L)=r
n—0

Dr;(s)e LFE@ri.4) — = lim []’[ Dy Dwa} YE(r, L)Y (ro, 0)

r(0)=ro

fd3xf diy| L —2(V—iA)>—in |y,
Xea il ] (A.9)

In the limit of a closed ring (A.3) in which the point r(L) = r(0) = r, the above equation
becomes:

n
Dri(s)e—ﬁ(i‘i (5),ri(s),A) _ lim |:1_[ IDV/;DWC{| W1 (ro, O)|2
n—0 a1

r(0)=ro

2 S dx [ drgz][ &~V =iAYin] v
N (A.10)
This completes the derivation of Eq. (13).
An useful variant of this formula can be obtained taking the Laplace transform of (r|e™L|r):
+00 |
e Eirle ™ \ro)y = (r r A.ll
/ (rl Iro) (|Z+H|O> (A.11)

0

with z > 0. The Green function (r| ﬁ |ro) is the inverse of the operator z + H. Using a similar

strategy as we did in the case of (rle 7L |rg), it is possible to express also (r|z+#H|r0) in the
form of the propagator of complex replica fields:

1 62 3 *
- - ° —e [dxYtva
rlglro = T8 (ro) Jim lim, [pr D¥a }

i z [ Bk [etie) =& (V=i A —in)Yat+T VatJa bl
% e a=l (A.12)

J¥=Ja=0
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Let us notice in the above equation the presence of an overall purely imaginary i factor in the
action and the term — [ d3x Y X, to guarantee convergence. Performing in the above equation
the functional derivatives with respect to J;*(ro) and Ji(r) we arrive to the final result:

n
T X 2
(rol ——Iro) = lim lim HW“D% 11 (ro)|
iy J Pxvi[(ctie)—4(V—iA)Y —in]vq
x e 4=l (A.13)
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