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FRAMIZATION OF A TEMPERLEY-LIEB ALGEBRA OF TYPE B

M. FLORES AND D. GOUNDAROULIS

ABSTRACT. We extend the Framization of the Temperley-Lieb algebra to Coxeter systems of type B.
We first define a natural extension of the classical Temperley-Lieb algebra to Coxeter systems of type B
and prove that such an extension supports a unique linear Markov trace function. We then introduce
the Framization of the Temperley-Lieb algebra of type B as a quotient of the Yokonuma-Hecke algebra
of type B. The main theorem provides necessary and sufficient conditions for the Markov trace defined
on the Yokonuma-Hecke algebra of type B to pass to the quotient algebra. Using the main theorem, we
construct invariants for framed links and classical links inside the solid torus.

1. INTRODUCTION

The Temperley-Lieb algebra appeared originally in the study of the Potts model in statistical me-
chanics and in the ice-type model in two dimensions [30]. In the 1980’s the Temperley-Lieb algebra was
rediscovered by Jones in the context of von Neumann algebras [18] and later as a quotient of the Hecke
algebra [19]. The Hecke algebra supports a unique inductive linear trace that can be rescaled according to
the Markov equivalence for braids and under certain conditions it passes to the Temperley-Lieb algebra.
This procedure leads to the definition of the Jones polynomial. For these reasons, the Hecke algebra and
the Temperley-Lieb algebra are often considered as knot algebras. Another notable example of a knot
algebra is the BMW algebra [T], 29].

Framization is a technique introduced by Juyumaya and Lambropoulou that produces new knot al-
gebras associated to framed knots and links [26]. Framization adds new generators, called the framing
generators, to the generating set of a known knot algebra and defines relations between the original and
the framing generators of the algebra. From an algebraic point of view, a knot algebra might have multi-
ple candidates that are valid. However, since the motivation of the technique is to obtain new polynomial
invariants for (framed) links, candidates that produce new, non-trivial link invariants are preferred. In
particular, when multiple framization candidates for a knot algebra are considered, the framization of
the algebra that is most natural from a topological point of view is chosen [I4].

A basic example of framization is the Yokonuma-Hecke algebra of type A, denoted Yg ,(u). It was
introduced in the context of Chevalley groups in [32] and can be regarded as the framization of the
Hecke algebra. Juyumaya fine-tuned the presentation of Y, (u) by giving a natural description in terms
of the framed braid group [20]. In recent years, framizations of several knot algebras have appeared
[22] 26, 23], 25| [13] that led to Jones-type invariants for framed [26], classical [26] 5], and singular links
[24].

The Framization of the Temperley-Lieb algebra FTLg,(¢) was introduced in [I4] as a quotient of
Y4 (u). From this, a family of one-variable invariants for classical links in S3, denoted 64(q), was de-
rived by finding the necessary and sufficient conditions for the trace of Yg,(u) to pass to the quotient
algebra. For d = 1, the invariant 6; coincides with the Jones polynomial while for d # 1, 6 is not
topologically equivalent to the Jones polynomial on links [14]. More recently, Goundaroulis and Lam-
bropoulou generalized the invariants 64(g) to a new two-variable invariant that is stronger than the Jones
polynomial on links and that can also detect the Thistlethwaite link [I5].

All the results that are mentioned above are related to the Coxeter group of type A. However, there
is a growing interest in framizations of algebras that are related to Coxeter systems of type B. Indeed,
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the affine and cyclotomic Yokonuma-Hecke algebras were introduced in [4], while in [I0] Flores and
collaborators introduced YE“M(U7 v), the Yokonuma-Hecke algebra of type B.

In this paper we extend the Framization of the Temperley-Lieb algebra of type A to Coxeter groups of
type B by implementing the methods of [I0]. We first consider the generalized Temperley-Lieb algebra
that is associated to an arbitrary Coxeter system [I6], and specialize it to the case of Coxeter systems
of type B. We denote this algebra by TLE (u,v) and show that it emerges naturally as a quotient of the
Hecke algebra of type B, denoted H,,(u,v). We then compute the necessary and sufficient conditions for
the Markov trace of H,, (u, v) [27] to pass to the quotient algebra. The Framization of the Temperley-Lieb
algebra of type B, which is denoted FTL], (u,v), is defined as a quotient of the algebra Y, (u,v). For
d =1, the algebra FTLz’n(u7 v) coincides with TLE (u,v). The main theorem determines the necessary and
sufficient conditions such that the trace of Y} (u,v) [I0] passes to FTLY ,, (u,v). Finally, we investigate
the conditions of the main theorem which generate topologically non-trivial invariants for framed and
classical links and we define those invariants.

The outline of the paper is as follows. In Section [2| we introduce the notation and we present the
classical braid group, the framed braid group, the algebra H,(u,v), its framization Yfl’n(u,v), and the
Framization of the Temperley-Lieb algebra of type A. In Section [3| we introduce the Temperley-Lieb
algebra associated to the Coxeter group of type B, denoted TL2 (u,v). We also determine the necessary
and sufficient conditions such that the trace on H,, (u, v) passes to the algebra TL? (u,v) and construct the
corresponding link invariants. In Sectionwe present the algebra FTLgm(u7 v) as a quotient of the algebra
Yzﬁn(u, v) modulo an appropriate two-sided ideal and determine the necessary and sufficient conditions
so that the Markov trace defined on the algebra YCBM(U7 v) passes to the quotient algebra. In Section
we use the trace on FTLlfim(u7 v) to define invariants for framed and classical links and provide a set of
skein relations for both cases. Finally, we show that the invariants for classical links from FTLfl,n(u, V)

are stronger than the Jones polynomial in the solid torus since they distinguish more pairs of affine links.
2. PRELIMINARIES

Let u, v be indeterminates. With the term algebra we mean an associative algebra with unity over
K := C(u,v).

2.1. Groups of type B,,. For n > 2, we define the Coxeter group of type B,,, denoted by W,,, as the finite

Coxeter group associated to the following Dynkin diagram:

r S1 Sp—2 Sn—1

Let rp, = sp_1...81r181...8;_1 for 2 < k < n. Every element w € W,, can be written uniquely in a
reduced expression as follows [11]: w = w; ... w, with wy € Ni, 1 < k < n, where
(2.1) Ni :={l,rg,s8p-1 - S;,8p—1- 875 1 <i<k—1}.

The braid group of type B, associated to W,, is defined as the group Wn generated by p1,01,...,0n-1
subject to the following relations

oi0; = 0;0; for |i—j|>1,
(22) 0,00, = 00,05 for |’L 7‘7| = ].,
p1o; = oip1 for i>1,
p101p101 = 01P101P1-
Geometrically, braids of type B, can be viewed as classical braids of type A,,+1 with n + 1 strands,
where the first strand is identically fixed and is called ‘the fixed strand’. The 2nd, ..., (n + 1)st strands

are renamed from 1 to n and they are called ‘the moving strands’. The ‘loop’ generator p; corresponds
to the looping of the first moving strand around the fixed strand in the right-handed sense (see Fig. .

The d-modular framed braid group of type By, is defined as follows:
FE = (Ca)" % W,
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where Cy := (t | t4 = 1), is the cyclic group of order d, and the action of W, on Cy is given by:
tjo; = oits,(jy and t;p1 = pit;, for 1 <4 < n. In both cases t; is the element of (Cq)" that has ¢ in the ith

position and 1 everywhere else. For 1 <4,5 <n and m € {0,...,d — 1}, we define the following elements
on CF} :
= =
(2.3) el = y STttt and f; = ; Stk
s=0 k=0
(m) (m) © )

For j =i+ 1, we denote e; " :=¢; 1, and ¢; ; := em-). Note that el(-g-z and f; are idempotent elements.

2.2. The Hecke algebra of type B. The Hecke algebra of type B, denoted by H,,(u,v), can be considered

as the quotient of K[WW,,] modulo the two-sided ideal that is generated by the following elements:

o —(u—uHo; -1 and pf—(v—v Hp — 1.

In terms of generators and relations, H,, (u, v) is the algebra that is generated by the elements by, g1, .. ., gn—1
which are subject to the following relations:

9i9; = 9;9i for all |i—j| > 1,
9i9i+19i = 9i+19i9i+1 forall ¢=1,...,n—2
gibigiby = b1g1b191,

g7 = 14+ @u—-ut)yg foral i,
b? = 1+ (v—v1p.

The dimension of Hy, (u,v) is 2"n! and for u = v = 1 it coincides with K[W,,]. Consider now the following
subsets of Hy,(u,v):

Ml = {17 b1}7 M2 = {17 b27 91, glb1}7 sy M’n = {17 bn7 gn—1T | MRS Mn71}~

where by := gg_1 .. .glblgfl .. .g;_ll, for all 2 < k£ < n. The following set is a linear basis for the algebra
Hy, (u,v):

(24) C, = {m1m2 oMy, | m; € Mi} .
There exists a natural epimorphism Wn — H,(u,v) sending o; — ¢; and p; — by. Additionally, the

Hecke algebra of type B supports a unique Markov trace function [I1]. Indeed, for any indeterminate z,y
there exists a linear trace:

7: U Hy(u,v) = K|z, 9]
that is defined inductively by the following four rules:

(1) 7(1p+1) =1, for all n

(2) 7(ad) =71(ba), a,beH,(qg) (Conjugation property)

(3) 7(agn) =z7(a), a€Hy(q) (Markov property for braiding generators)
(4) 7(abpt1) =y7(a), a€H,(q) (Markov property for looping generator),

Remark 1. A different presentation is often used for the algebra H, (u,v) that involves parameters ¢
and @, as well as different quadratic relations. More precisely, the quadratic relations are the following:

@) =(@-1)g+q and (b1)*=(Q—1)b +Q.

One can switch between the two presentations by taking g; = ug;, by = vb1, ¢ = u? and Q = v2.

1
By introducing the term \ = %, one can re-scale T so that it satisfies the braid equivalence

in the solid torus |27, Theorem 3]. By normalizing 7, link invariants in the solid torus can be defined.
Indeed, we have [27], Definition 1]:

(2.5) PP(u,v, 2,)(@) = (M)nl (ﬁ)g(a) 7 (n(a)),
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where @ is the closure of the braid « inside the solid torus, 7 is the natural epimorphism Wn — H,(u,v),
and £(«) is the algebraic sum of the exponents of the braiding generators in . Furthermore, the invariant
PB can be defined completely by the following two skein relations:

(2.6) \% PY(Ly) — VA PP(L_) = (u—u"t) PP(Lo)

(2.7) P3(M,)— P*(M_) = (v—v’l)PB(MO),
where L, L_, Ly, My , M_ and M, are as shown in Flg

A X

1 U 1
£k

M, M- M,

FIGURE 1. The elements L., L_, Ly constitute a Conway triple. The elements M, |,
M_ and M involve the fixed strand (shown in bold).

2.3. The framization of the Hecke algebra of type B. The framization of the Hecke algebra of type B
[10], denoted by Y§,, := Yj,(u,v), is defined as the algebra over K generated by the framing genera-

tors tq,...,t,, the braiding generators g¢i,...,¢g,—1 and the loop generator b;, subject to the following
relations:

(2.8) 9i9; = g;9i for |i—j|>1,
(2.9) 9i9;9; = 959i9; for [|i—j|=1,
(2.10) bigi = gibp forall i#1,

(2.11) bigibigr = gibigibs,

(2.12) tit; = t;t; forall 4,j,

(2.13) tigi = gits,; forall i,j,

(2.14) t;br = bit; foralli,

(2.15) t4 = 1 forall i,

(2.16) g = 1+ (u—uYeg foralli,
(2.17) b o= 14 (v—v ) fib.

where e; and f; are as in . In Flgure I we illustrate the generators of the algebra Y

0o 0 o o0 1 0 0

) N

i-th strand -/ & (¢+1)-th strand j-th strand ./

FIGURE 2. The generators of Y, (u,v).
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Note. For d = 1, the algebra Ylin coincides with H,,(u,v). By mapping ¢g; — ¢; and t; — 1, we obtain
an epimorphism from ng to H, (u,v). Moreover, if we map the ¢;’s to a fixed non-trivial d-th root of
the unity, we have an epimorphism from YS,n to Hy,(u, 1).

In [I0] two different linear bases for YEBl}n are given, denoted by D,, and C,, respectively. We only recall
the second one, since it is the one that is used in the definition of the Markov trace of Y(Bi,n- For all
1 < k < n, we define inductively the sets Mg by:

Mg, ={t7",t7"b1; 0 <m <d—1}
and
My = {t8 0 bk, gr—12; ¢ € Mgr—1,0<m <d—1} for all 2 < k < n.

where the elements by’s are as in Section Define now C,, as the subset of Y‘in formed by the elements
mimy - - - m,, with m; € My ;. Moreover, every element of Mg has the form m;c"j m OF Wy o with 7 <k
and 0 <m < d — 1, where

m;ci_,k:,m = t;Cn7 m;:,],m = Gk-1"" gjt_an for .7 < k7
and
Wy = U b Wy o i= Gk—1 950t for j < k.

From the above, one can deduce that the basis C,, for YcBl,n may be rewritten as follows [10, Proposition
5]):

(2.18) C, ={t7"t32...ti"m | m € Cy, a; €{0,...,d—1}}.

In [I0] Flores et al. proved that ng supports a unique Markov trace. In brief, they construct a
certain family of linear maps tr,, : Yg)n — Yg)n_l, called relative traces, that build step by step the
desired Markov properties (see also [4]). Finally, the Markov trace on Y, is defined by:

Tr, :(=tryo---otr,.

Theorem 1 (cf. Theorem 3 [10]). Let z,x1,...,Ta—1,Yo,---,Yi—1 be indeterminates in K(z, x1,...,24-1,
Yos - - - Yd—1) and let xg := 1. Then the linear map Tr is a Markov trace on {Yfm}nzl. That is, for every
n > 1, the linear map Tr, : YCBl}n — K(z,21,...,Zd—1,Y0, - - -, Yd—1) Satisfies the following rules:

(i) Trp(1) =1,

(i) Trpt1(Xgn) = 2Trp(X),

(ii)) Trp g1 (Xbn sty 1) = ym Trn (X)),
(iv) Trp (Xt ) = 2 Tr, (X)),

(v) Tr,(XY) = Tr, (Y X),

where X,Y € Y} .

Recall that the method of Jones for obtaining link invariants requires a rescaled and normalized Markov
trace function. An interesting property of the trace Tr is that it does not rescale directly according to the
framed braid equivalence for the solid torus. Indeed, the trace Tr can be rescaled only if the parameters
i, 1 < i < d—1, are solutions of a non-linear system of equations that is called the E-system [26]
Appendix], while the parameters y;, 0 < j < d — 1, are solutions of an analogous non-linear system
called the F-system [I0]. Consequently, new invariants for framed knots and links in the solid torus can
be constructed, denoted by X8, that are parametrized by S C Cy (for more details see [10, Section 7]).
The invariants X5 when restricted to framed links with all framings equal to zero, give rise to invariants
of oriented classical links in the solid torus. Since classical knot theory embeds in the knot theory of
the solid torus and by using the results of [5], we deduce that the X8 invariants are different than the
invariant PB(u,v,z,y) on links [11], 27].
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2.4. The Framization of the Temperley-Lieb algebra of type A. The framization of the Temperley-Lieb
algebra of type A and the derived invariants for framed and classical links were studied extensively by
Goundaroulis and collaborators [12, 13| [14]. As mentioned earlier, it is a well known fact that the
Temperley-Lieb algebra of type A can be obtained as the quotient of the algebra H,(u) modulo the
two-sided ideal that is generated by the following elements:

Giit+1 = Z Gw-

WE(S;,8i41)

Similarly, the framization of the Temperley-Lieb algebra of type A is defined as a quotient of the
Yokonuma-Hecke algebra of type A, which is denoted by Y, (u) [2I]. However, such a quotient is not
unique in the case of framization. As mentioned in the introduction, the quotient algebra that eventually
is chosen is the most natural with respect to the construction of new, non-trivial invariants for framed
and classical knot and links.

The first quotient algebra that was studied is the Yokonuma-Temperley-Lieb algebra [13], denoted
YTLg,,(u), and proved to be too restrictive. As a consequence, basic pairs of framed links were not
distinguished. For this reason this algebra was discarded as a potential candidate for the framization
of the Temperley-Lieb algebra however, the Jones polynomial was recovered from this construction.
The second candidate was the Complex Reflection Temperley-Lieb algebra, denoted CTLg ,,(u) [14]. In
contrast to the case of YTLg,(u), the invariants that are derived from CTLg,(u) proved to coincide
either with those from the algebra Y4 ,(u) or with those that are derived from the actual framization of
the Temperley-Lieb algebra [I4, Proposition 10]. This result is consistent with the fact that the algebra
CTLg,,(u) is isomorphic to a direct sum of matrix algebras over tensor products of Temperley-Lieb
and Iwahori-Hecke algebras [6]. Thus, the quotient algebra CTLg,(u) is also discarded as a potential
candidate for the framization of the Temperley-Lieb algebra.

The framization of the Temperley-Lieb algebra is an intermediate algebra between the algebras YTLg ,, (u)
and CTLgy ,, (u). It is denoted by FTLy ,, (u), and it is defined as the quotient of the algebra Y ,, (v) modulo
the two-sided ideal that is generated by the element:

r12 :=erea(l+ g1 + g2 + 9192 + 9291 + 919291)-

In [I4] Theorem 6] necessary and sufficient conditions were determined so that the trace of Y, (u)
passes to FTLg ,(u). These conditions led to a family of new 1-variable invariants for classical links,
{04} ey that are topologically not equivalent to the Jones polynomial on links, while they are topolog-
ically equivalent to the Jones polynomial on knots [14, Theorem 9]. Finally, the invariants 6,(¢) can be
generalized to a 2-variable invariant for classical links, 8(q, E'). More precisely, we have the following:

Theorem 2 ([15, Theorem 1.1)). Let g, E be indeterminates and let L be the set of all oriented links.
There exists a unique ambient isotopy invariant of classical oriented links

0: L~ Clg*™, B*]

defined by the following rules:

(1) On crossings involving different components the following skein relation holds:
g 20(Ly) —q*0(L-) = (g —q ") 0(Lo),

where Ly, L_ and Ly constitute a Conway triple.
(2) For a union KK = U_, K; of r unlinked knots, with r > 1, it holds that:

0(K) = B'7"V(K),
where V(K) is the value of the Jones polynomial on K.

The invariant (g, E) is topologically equivalent to the Jones polynomial on knots while it is stronger
than the Jones polynomial on links [15, Theorem 5] (see Section [5.2).
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3. THE TEMPERLEY-LIEB ALGEBRA ASSOCIATED TO THE COXETER GROUP OF TYPE B

We begin this section by defining the Temperley-Lieb algebra of type B as a quotient of the Hecke
algebra of type B. This is derived from the definition for an arbitrary Coxeter group [16].

As mentioned earlier, the classical Temperley-Lieb algebra can be expressed as a quotient of the Hecke
algebra of type A. Based on this, Fan and Green defined the Temperley-Lieb algebras associated to any
simply laced Coxeter group [8]. This was done by first considering the Hecke algebra associated to the
respective Coxeter group and then naturally extending the defining ideal of the classical case. Using
the same procedure Green and Losonczy extended this definition to any Coxeter group [16]. Specifically,
counsider (W, S) to be an arbitrary Coxeter System, and let H(W) be the associated Hecke algebra. Then,
the algebra H (W) has a basis consisting of elements T, w € W that satisfy:

| Tsw, it l(sw) > l(w)
(3.1) TiTw = { asTsw + bsTy, if L(sw) < L(w)

where £ is the length function in W and ag, bs are parameters that depend on s € S such that as = a; and
bs = by whenever s and t are conjugate in W. For further details the reader is referred to [I7, Chapter
7]. Let now J be the two-sided ideal of H(W) that is generated by the following elements:

> T

we(si,85)
where (s;,s;) runs over all pairs of S that correspond to adjacent nodes in the Dynkin diagram of W.
Then the generalized Temperley-Lieb algebra, TL(W), is defined as the quotient H(W)/J.
We shall specialize now the algebra TL(W) to the case of Coxeter systems of type B. From the
discussion above and by considering also the change of generators in Remark[I} we have that the defining
two-sided ideal, denoted by Jp, is generated by the elements:

Gii+r1 = L4u(gi+gis1) + 0> (9igit1 + git19i) + U gigit19s
gs = 1+ugi +vby +uv(gibi +big1) + u*vgibigr + viubigiby
+(uv)®g1b1g1b1,

where 1 <4 < n — 2. Given that the elements g; ;11 are all conjugates of g1 2 in H, (u,v) (see [13]), we
conclude that Jg = (gs, 91,2)-

Definition 1. We define TLE’L = TLi(u,v), the Temperley-Lieb algebra associated to the Cozeter group
of type B as the quotient H,(u,v)/Jp.

3.1. A Markov trace on the algebra TLE. The purpose of this section is to find the necessary and sufficient
conditions such that the trace defined in H,,(u,v) passes to TLE.

Let W be a Coxeter group, and H (W) the Hecke algebra associated to W. Now consider by = a5 — 1
in (3.1) and set = Y .y Tw. Observe that [28, Lemma 3.2] is valid for every finite Coxeter group,
that is:

(3.2) 2Ts = asx, forallsesS
Equation (3.2) and direct computations prove the following two lemmas.
Lemma 1. The following holds in H,,(u,v):

i) g191,2 = g1,291 = Ugi2
i) 92912 = 91,292 = ugi1 2

Lemma 2. In H,(u,v) the following equations holds

i) bigs = gsbr = vgs
i) g19s = gsg1 = ugs

In analogy to TL, (u), the trace 7 passes to the quotient TL? if and only if 7 annihilates the defining
ideal (g1 2, gs) of TLE:

(3.3) T(mgs) + 7(ng1,2) =0,
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where m,n are in the linear basis of H,,(u,v). We shall determine now the necessary and sufficient
conditions so that (3.3) holds. We will use induction on n. We start with the following lemma:
Lemma 3. The following hold in H, (u,v):

7(g1.2) = (U + 1) (uz)? + (V? + 2)uz + 1

2.2 2

7(g8) = utv3y? + (uv + v zy + (v 4+ u®V)y + (u+udv)z + 1

Proof. The proof follows immediately from the defining rules of 7. O
We shall treat each summand of (3.3)) separately. For the first summand we have the following:

Proposition 1. For all m € H,,(u,v) we have that

7(mgs) = p(u,v,2,y)7(gs), for alln =2
where p(u,v, z,y) is a monomial in the variables u,v, z,y.

Proof. By linearity of the trace, it is enough to prove the statement for an element m in the inductive basis
C,. We will proceed by induction. For n = 2 the result follows directly by Lemma [2l Suppose now that
the argument holds for any w € H,(u,v), and let m € H,,11(u,v), where m = wb,, 11 or m = wg, ... g;b?,
with @ = 0,1 and w € H,,(u,v). We have that

T(whny1) = yr(w)
T(wgn .. gibf) = z7(a)
where o = wgp—1 ... ¢;b¢ € Hy(u,v) and so the result follows by the induction hypothesis. O

Lemma 4. For i > 1 we have that
7(big1,2) = y7(91,2)
Proof. First note that 7(b1g1,2) = y7(g1,2) follows easily by the trace rules, since by € Hy(u,v). For i =2
we have that
7(b2g1,2) = T(g1b197 '91.2)-
From Lemma [I] we obtain
T(g1b1gy 'g1,2) = u ' T (g1bigr,2) = u T T (bigi2g1) = T(b1g12) = y7(91,2).
The case i = 3 is completely analogous, while for ¢ > 4 the result follows immediately by the trace

rules. O

The following proposition deals with the second term of (3.3)).
Proposition 2. Let n > 3. For all m € Hy(u,v) we have that

p(u,v, 2,9)7(g1.2)
(3-4) T(m91,2) = p(u,v, 2, y)T(blglblgl,z)
P(Ua Vv, 2, y)T(b191b192915191,2)

where p(u,v, z,y) is a monomial in the variables u,v, z,y.

Proof. Since 7 is linear, it’s enough to prove (3.4) for any m in the basis C,, from H,(u,v). Again, we
will use induction on n. We start by proving that the argument holds for n = 3. First note that

Co = {1,b2,91,91b1,b1,b1b2,b191,b191b1 }
From Lemmas [ and [I] we have that

T(b2g12) = y7(91,2); T(g1912) = ut(g1,2)
T(g1b1g12) = uyt(g1,2); T(b1g12) = y7(g1,2)
T(bigr912) = uyr(g1.2); T(b1b2g12) = u'7(bigibig1,2)
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Suppose now that m € C5. This means that m = wmg for some w € Co and ms3 € {g2g1b1, gaba, b3, go2g1, g2, 1}.
From the previous results and Lemma [1| we obtain that
T(wgabagi2) = u'T(wg2g1b191,2); T(wbsgr2) = u?T(wg2g1b191,2)
T(wg29191,2) = uT(wgi2); T(wg2g12) = ut(wgiz2)
Therefore, we only have to study 7(wg291b191,2). Replacing w and by applying previous lemmas and
using the trace rules on each element in Cy, we have:

T(g201b1912) = u’yT(g12); 7(b2g291b1912) = ut(b1g1b1912)
(g1920101912) = udyr(91,2); T(g1b1920101912) = uT(b1g1b1g12)
T(b19291b191,2) = UT(blg1b191,2); T(b19192glb191,2) = UzT(b191b1g1,2)

T(blbzgzglblgl,z) = UilT(blglbnglelgl,Z)
From the above, the result follows for n = 3. Finally, suppose that the argument holds for m € H,,(u,v)
and let m € Hy41(u,v). We have that m = wb,41 or m = wg, ...g¢;b?, with a = 0,1 and w € H,(u,v).
Since we have that

T(wbpt1) = yr(w)
T(Wwgy, ... gb7) = z7(e), where @ = wgn_1...¢:b; € Hy(u,v)
then result follows by the induction hypothesis. O

The discussion above suggests that (3.3) reduces to a homogenous system of four equations of the
trace parameters z and y, namely:

Theorem 3. The following statements are equivalent
1) 7(mg12) + 7(ngs) =0 for all m,n € H,(u,v)
ii) 7(gs) = 7(g91,2) = 7(b191b191,2) = T(b191b1g291b191,2) = 0

Proof. Since (i) holds for all m,n € H,(u,v), then it must also hold for m = 1 and n = 0. Thus, we
deduce argument (ii). The converse is a direct consequence of Propositions |1 and O

The following lemma will be used in the proof of Theorem [4| below. We have that:

Lemma 5. The following equations hold:

(7)  7(brg1big1,2) = v! (u(l +uz +ud2)(vy? +u(v + (V2 — 1)y)z))
(i) T(bigibigagibigr2) = v 2 (u¥(v2y® +u(2+ u?)vy(v + (v — 1)y)z
+u?(1+u?)(y + v(v2 — 1)(1 4 vy))z?)
Proof. The proof is a long straightforward computation using the rules of 7. O

We are now able to give the necessary and sufficient conditions for 7 to pass to TLE (u,v). Indeed, we
have:

Theorem 4. The trace T passes to the quotient algebra TLE (u,v) if and only if the trace parameters z
and y take one of the following values.

(i) z2=-Landy=-1, (i) z=—2 andy = v, ]
(iii) ZZ—m andy = -1, (iv)z:—m and y = (;ij;)v.

Proof. From Theorem [3] we have that 7 annihilates the ideal J if and only if the following system of
equations has solutions for z and y:

(98) =0
m(g1,2) =0
T(b1g1b1g1,2) =0
T(b191b19291b191,2) =0

Using Lemmas [3| and [5| one can derive the four sets of solutions for (¥) and, therefore, the necessary and
sufficient conditions for the passing of 7 to TLE. O

B

(%) :=
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3.2. Link invariants from TLE (u,v). Following Jones [I9], we can now define link invariants in the solid
torus. Starting from ([2.5)), we specialize the parameters z,y to the necessary and sufficient conditions of
Theorem Note that the values z = —1/u, y = —1/v and y = —v are discarded since they are of no

27
)andy:mwe

topological interest [I9, Section 11]. From the remaining pair of values z = —u(lﬁ

deduce that A = u* and thus we have:

Definition 2. The following is an invariant for links inside the solid torus

(35) V)= (- *) 2@ 7 (),

where a, @, e(a) are as in (2.5)) and 7 is the natural epimorphism Wn — TLE (u,v) sending o; — g; and
T = b1 .

Remark 2. By substituting A = u* in (2.6) and (2.7) we derive that V® can be defined completely by
the following skein relations:

(3.6) u 2 VEB(Ly) —u? VE(Lo) = (u—u"") VB(Lo)
(3.7) VE(M,) = VE(M_) = (v —v1) VE(My),
where Ly, L_, Lo, My , M_ and Mj are as shown in Fig.

4. FRAMIZATION OF THE TEMPERLEY-LIEB ALGEBRA ASSOCIATED TO THE COXETER GROUP OF
TYPE B

In this section we introduce FTLEW the framization of the Temperley-Lieb algebra associated to the
Coxeter group of type B. This extends naturally the work done for the type A case in [14]. In more detail,
the framization will be defined as a quotient of the algebra YcBl,n modulo an appropriate two-sided ideal.
Since the algebra Y, (u) is contained in YSW following Section we consider the following element in
YE, (u,v):
(4.1) T1,2 = €1€291 2.
The element 7 2 is the generator of the type A part of the quotient algebra FTLfM. Accordingly, we
consider also the generator of the type B part, which is the element:

g := f1€198

Definition 3. The framization of the Temperley-Lieb algebra associated to the Coxeter group of type B
is defined as follows:
(42) FTLS,n(U,V) = Y37n(u,v)/<7’}3,7‘172>

We give below the framed analogues of Lemmas [1| and [2| that will be used extensively later.

Lemma 6. The following holds in YCBl’n(u,v) :

i) gi7r1,2 = T1201 = Ury2
ii) gori2 = 11,292 = ur12
Proof. The proof follows from a straightforward computation. For demonstrative reasons, we only prove

the case r12g1. Observe that the element e;e; commutes with g; and gp. On the other hand, we also
have that

(4.3) eig; = ei(1+ (u—uNegi) = e;(1+ (u—u"")g).
The result follows from (4.3) and by using Lemma O

We will prove now that an analogous result holds for the generator of the B-type case.

Lemma 7. In Y‘in(u,v) the following equations holds

i) byrg = rgby = vrp
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ii) gi78 = 1891 = U7

Proof. We only prove the left multiplication for the first case. The proof for the second case is analogous.
Similarly to the previous case, we have that the element f; fo commutes with b; and g;. Note now that
the following equation holds in Y§ , (u,v):

flb% = fl(]- + (V — V_l)flbl) = fl(]- + (V — V_l)bl).
The result follows by using Lemma [2} O

4.1. Technical lemmas. Our next goal is to determine the necessary and sufficient conditions so that the
trace Tr of Y, (u,v) in [I0] passes to FTLY,,. Our approach will be analogous to [14]. However, we need
to postpone this discussion until the next subsection in order to present here a series of technical results
that are required for the proof of our main theorem.

Lemma 8. The following holds in Y}, (u,v).

(4.4) 1. Tr(rp) dszmg—Fu % —Zyryg—kv u®+1) d22xgyr

+ zu[l 4 u?v?]= Zerrzuv + uv]= Zyr
-

(4.5) 2. Tr(r12) = (u+ 1)2%2, + (u+ Q)ZE(m) +tr(el (m),, ).

Proof. For the first argument we have that:

B dZZxrxs—&—vCpszyr—l—zufoT—i—Qzuv Zy,,—i—zv ufoT
—|—zvuv—v ZyT—l—uv—Zxrys—&—zuvu—u Zyr
1

+uv—Zy,,ys+zuv (u—u~ Zazr—i—zuv (u—u 1)(V—V_I)E2yr

T8 T

1 1
:ﬁ ZZET{I;S + u2V2ﬁ Zyrys + (UQV +V)ﬁ styr+

T8 r,8 T8

zu+viu+viuP(u—u)] %Zxr +z[2uv+uv(u—u ) + (v v
+ otV (u—u)(v—v" Zyr
:%mexs—kuv Zyvyé (u*+1) d22x5y7+zu + uv? Zx,

+z uv + uv]= Zy,n

For the second part of the proof the reader is referred to [I4, Lemma 7]. |

The following two propositions show how Tr behaves on the elements of the defining ideal of FTLE(u, v).
We start by exploring the case of the elements that involve the B-type part of the algebra.

Proposition 3. For all m € YcBl,n we have that

Tr(mrg) = p(u,v, 2, Ya, xp) Tr(rg), for alln > 2,

where p(u,v, z,Ya, Tp) is a monomial in the variables u,v, z,y, and xp, with 0 < a,b < d — 1.
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Proof. By the linearity of the trace, it is enough to prove the statement for an element m in the inductive
basis C,,. We will proceed by induction. For n = 2 the result follows from Lemma [7] and the fact that
element f; fo absorbs the framing part of m. For instance, if m = t9t5bg1b; we have

Tr(mrg) = Tr(t{t3b191b1 f1fogs) = VZuTr(t{t5 f1 f2g8) = vuTr(f1f298)-

Suppose now that the argument holds for any w € Y§, |, and let m € Y} . Then, the element m
can be written as follows:

m=wt’b® or m=wg,_1...g:b*°,

withw € Y§, ;,a=0,1and 0 <b<d—1. Since we have that

Tr(wtib,) = yuTr(w)
Tr(wty) = z,Tr(w)
Tr(wgn_1...9:b8t0) = 2Tr(a), where a = wg,_s...g:b%? € H,(u,v)
the result follows by the induction hypothesis. O

The next proposition deals with the A-type part of the algebra.

Proposition 4. Let n > 3. For all m € Y('}m we have that

b
p u,v,z,ya,xb) tilt2 §T172)

onroned

p\u, Vv, 2, Ya, Tp Tr t(ftthblTl 2)

4.6 Tr(mr = ’

( ) ( 172) p(uﬂV»Z?ya7xb)Tr(tllltgtgblglblrl,Q)
P(UaV,Z’yaaxb)Tr(t‘ftgtgblglb1g2g1b1T1,2)

where p(u,v, z,Ya, Tp) 18 a monomial in the variables u,v, z,y, and xp, with 0 < a,b < d — 1.

Proof. The trace Tr is linear so it suffices to prove 1) for any m in the basis C, of ngn. We will use
again induction on n. We start by proving that the argument holds for n = 3. Note that from Lemmas [7]
and [6l we have:

Tr(ti‘tgtgbgrlg) = Tr(t(ftgtgblTLQ); Tr(t‘lltgtgblbg’l’LQ) = UilTI'(ttlltgtgblglblT‘Lg)
Tr(t%tgtgglbl?”lg) = UyTI‘(t‘lltgtgblTLg); Tr(t‘ftgtgblglrljg) = UyTI‘(ttlltgtgblT’Lg)
Tr(t(ftg §917’1,2) = UTI‘(t’ftgthLQ)

Next, suppose that m € C3. This means that m = t¢t5tSwms for some w € Cy and m3 € {g2g1b1, g2b2, b3, 9291, g2, 1}.
From the previous results and from Lemma [6] we obtain the following:

Tr t‘ftgtgwggbgrl,g) = uflTr(t‘ftg Swg2g1b171 2)

Tr t‘ftgtgwbgrl’g) = u_2Tr(t‘ftg Swg291b1712)

(
Tr(t{t5t5wgagir1 2) = u>Tr(ttht5wry o)
(
Tr(t8t5t5wgar o) = uTr(tHt5t5wr) o)

Therefore, we only have to study the term Tr(t$t5t5wgag1b171.2). Replacing w for each element in Co
and by using previous lemmas and results, we obtain the following;:
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Tr(t§t5t59291b171.2) = u?yTr(t{t5t5biry 2)
Tr(t{t5t5bog2g1b171,2) = uTr(ttht5b1g1b171 2)
Tr(t§t5t59192010171 2) = uPyTr(t{t5t5biry 2)
Tr(t{tht591b19291b171,2) = u>Tr(t{t55b1g1b171,2)
Tr(t§t55b19291b171,2) = uTr(1t5t5b191b171,2)
Tr(t{t5t5b1919291b171 2) = W Tr(¢{t5¢5b1g1b1712)
Tr(t7t5¢5b1bagagibir 2) = u ' Tr(t§t5t5b1 910192916171 2)

The result for n = 3 follows immediately. Finally, we suppose that the argument holds for w € C,,_1,
and let m € C,,. We have that m(® = 9 twd® or m/ =1t . i wgy, ... ;DY with w € YcBl,n—D

a=0,1and 0<ay,...,a, <d-—1. Since we have that
Tr(m®) = Tr(t .. . t%w) = x4, Tr(w)
Tr(m®M) = Te(t$ .. t%wb,) = ya, Tr(w)
Tr(m') = Tr(t{* .. . t¢ wgn—1...g:b¢) = 2Tr(a),
where o =t .. t2" P wg, o .. gitimb} € Yd n—1, the result follows by the induction hypothesis. O

From the above proposition it is clear that it would be useful to compute the traces of the following
elements: t%tgt§b1r172, t‘ftgtgblglblrl,g and t‘ftgtgblglblggglblrm. We shall treat each case as a separate
lemma. For the first term we have:

tzlztgtgbl’l“lg = t?tgtgblelegglg = €§m)62b19172.
Lemma 9. The following holds in Yg)n(u,v) :

d—1 d—1
uz
Tr(e( eab1g12) = Z Ty Ymas + (U2 + Q)E Zx_rym+r + (U 4+ D2y,

s,7=0

Proof. We start by expanding the term g o.

Tr(@gm)€2blg1,2) Tl"( 6251) +u (Tf( €2b191) + Tr(e; (m )€2b192)>

(Tr( 62519192) + Tr( 62519291)) + UBTF( 6251919291)
1 d—1

2 Z T_rX— s+rym+s+u d Zz rym+r+2u 2 Ym
s,r=0 r=0

d—1
+U(7 Z xm+s Ty s+r+u (U*U 1)Z2y7n

s,7=0
1 &t
=% Z Ty T g prYmts + (U + 2 Zx Ymar + (U2 + 122y,

s,7r=0

For the term t‘ftgt:‘g’blglblrm we have that:

t(ftgtgblﬁblﬁ,z = t?tgt§b191b1616291,2 = egm)€2b191b191,2.
Denote now A := Tr(egm)egblglblglyg), where m = a + b + c. By expanding g; » we obtain that

A=Ay +u(Ag + A) + u?(Ag + As) + u® Ag.
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with:
A1 = Tr(el 62b1g1b1) A4 = Tr(el 625191519192)
Ay = Tr(e g )62b191b191) As = Tr(e g )€2b191519291>
Az = Tr(el 6251915192) Ag = Tr(6§7n)62b191b1919291)

For the term t‘ftgtgblglhggglblrl,g we work in an analogous way. Denote the following

B = Tr(egm)ezb1g1b19291b19172):Tr(t'ftgtgblglblggglblelezglyz)
= Tr(t(ftgtgblglb19291b17‘1,2)7

where m = a + b 4 c¢. By expanding the term g¢; » we obtain:

B = By +u(By + Bs) + u*(By + Bs) + u®Bs

with
B, = Tr(el 62b191519291b1) By = Tr(egm)€2b191b19291b19192)
By, = Tr(e1 egblg1b1gzg1b1g1) Bs = Tr(egm)626191619291619291)
By = Tr(e!™esbigibigagibios)  Bs = Tr(e{™eabigibigzg1b1g19201)

We then have the following lemma:

Lemma 10. The following holds in Y, (u,v):

d—1 d—1
z 102 1 _
:g § T rTmtr + (V +v 1)E E T—rYmtr + ﬁ § T—rYm+slYr—s T (U —u 1)A1

r=0 T,8

+22;L'm V—V ZyT—I—?(ZZymHyS+(u_u—1)A3> +A3+(U—U_I)A4.

z _ _ z
== rmer + U=y + (V=TS Ykt kr
=0 k,r

+(v—v Hu—u" meH +(v—v H2(u—u" ZymH

—|—2<z2ym+z v—v_ Zxr—i—z dZyr (u—u~ )Bl>

_ z
+2(By + (u—u"1)By) +fzk:y KY—stkYm+s + (U —u 1)g

_ 1\ ? _
+zk:y—kxm+k+(u_u 1)(\’_\’ 1)ﬁ¥y—kym+r+k+(u_u 1)(31 + Bs).

Proof. The proof is a long straightforward computation. For instance, for the expressions A1, A; and B;

we have:
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A= ZT EES TS by g1 by) = ZTr s op?)
=2 Z[Traa"“tﬂ + (v = v TR by )
=2 Z Tt 55 %) + (v — v*l)é D O Tr(tr T b))
= 3 Z[l’mﬂﬂffs + (v — V_l)% Zx*sym+s+r]

A3 d2 ZTI‘ tm+str Sts Tblglblgg ZTT tm+kt2 kblglbl) = ZQTI‘(tmbz)

T8

= 22 Te(tT) + (v — v OTe(t7b1 f1)] = 22T + (v — v Zymw

= ZQx'm V -V E Yr.

b= ZTY (ot ™t " b1g1b1gagiby) = -2 ZTY (55 "b1g1b1gaty " g1b1)

T8 T8

ZTI‘ tm+g TtT Sblglblglbl ZTI‘ tm+kt2 kblglblgl)
z _ k.
=3 Z [Tt % g1b1g1) + (v — v ) Te(t7 5 b1 frg10191))]
z _
~d Z [Tr tm+kt2 g1b19y D+ (u— U_l)Tr(tT+kt2 k91b1)+
k
(v —v TP fibigibigr ') + (v — Vil)(“ —u )Tt 5 * f1b1g1b1)]

z
gzy KTk + (U= U )2y + (v — v ZZU kYmtk+r
k

+ z(v

/\

v (u— u ) Te(t f17)]

dz e N U E T (R dgzy EYmtk+r
k k,r

+(v—v" 1 (u—u~ me+r v—v_l) (u—u~ Zym+r

\ I

In a similar way, we obtain the following equations for the remaining expressions.

1 _
Ag = = Zx_rym+syr_s + (u—u"HA;.

T,

z
T d D Ymisyos +(u—uT)As, A5 = Ay

A6 = A3 + (U — Uil)A4.
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and
By = 22y, + 2%(v — vfl)% 3w+ 22 (v — v*1)2é >y + (u—uh By,
By =53, et 5" b2 gibigr) + 3(u —u™h) X2 Te(t7 715 "b1g1brg1bign).
Bs =By, Bs= Bj.
Bs = 5 Xk U—klYsthYmrs + (U —u"H)E3 g KTm
Fu—u V=) E Y Y kYmprk + (U —uT)(By + Bs),
which implies the result. O

4.2. A Markov trace on the algebra FTLzm. In order to find the necessary and sufficient conditions so
that Tr passes to FTLY, (u,v), one has to make sure that Tr annihilates the defining ideal (ry,2,7) of
FTL},,(u,v). For this reason, we have to solve the following system of equations:

SVIRN
I

(4.7) (%) = Tr(re

0
0
0
TI'( (1 )627‘12 0
0

~— — —

Tr(eg )egbl’l“l 2

The above system may initially seem intimidating, however, using harmonic analysis on the underlying
finite group simplifies things considerably. We shall follow the method of P. Gerardin [22] Appendix]. We
will first write the above system in its functional notation and then apply the Fourier transform, which
is a standard tool in the theory of framization of knot algebras [13] [14] [T0]. We shall treat separately the
first two equations because of their length.

Before solving , we will make a short digression on the Fourier transform of a complex function
on a finite cyclic group. Let L(Cy) := C[Cy] be the group algebra formed by all complex functions on
Cy. The convolution product in this algebra is defined by:

(f*9)(z Z fglz —y) wheref, g € C[Cy].
y€Cq

We also define the product by coordinates in L(Cy) as follows:

fg:x— f(x)g(xz) wheref, g€ Cy.

The set {0, | a € Cy}, where 6, € L(Cy) is the function with support {a}, is a linear basis for L(Cy)
with respect to the convolution product. From now on we will consider Cy as an additive group, that is,
Cy = Z/dZ. The Fourier transform F is the linear automorphism on L(Cy) defined by f — f, with

Flk) == (f +x1)(0) = > Fly)xn(—

y€Cq

where xx : @ — cos (%) + isin (Q’TIM) denote the characters of Cy for k € {0,.. — 1}. Note that

f(x) = df(—z). Finally, note that the elements in the group algebra L(Cy) can also be identified with
the set of formal sums {Z 0 L agts o, € CY as follows:
d-1

(f:Ca—C)— Y ftO)t°

s=0

We will often use this identification, since it makes some computations easier. For details regarding the
properties of the convolution product and the Fourier transform the reader is referred to [31], 26] 14 [10].

We are now ready to solve (4.7]). We start with equation A = 0. Denote its functional form by §A =0
and consider the function 1 : Cy — C defined by 1(m) = 1 for all m € Cy. We then have:

SA = SAl + U(%AQ + %Ag) + U2(§A4 + %Ag,) + LISSAg,,
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where

z 1\ % 1 1
FA = gx*er(va )ﬁx*y*l; FAs = dﬁx*y*y+(ufu )A;

2 1,2 Z ~1
FA3=zz+(v—v )Ey*l; A4 = &y*qu(ufu A3 = FAs
SAG = Ag + (LI — Uil)A4

The case of equation B = 0 is analogous.
§B = FB1 + u(FBs + FB3) + u*(FBa + §Bs) + u’FBs,

where:

2

§B1 = §$*9+ (u—u")2%y + (V*Vfl)%y*y* 1+ %(V*Vfl)(u —u N x1
2 —1\2 -1
+E(va (u—u Ny x1
22 22
§By = 2%y + E(V —v Hrx1+ E(V —v )Py x1+4 (u—u")B =FBs

§By =B+ (u— U71)32 = §Bs

$Bs = %y Y kY 4+ g(u —u Hzry+u—uHv— v_l)%y xyx14+ (u—u"t)(B; + Bs).
From the above, the system (3) becomes:

(4.8) FA=0

(4.9) §B=0
zx (zx 1) +ui VY« (y*1) +v(u® + D (y* 1)+

(4.10) + dzu(1 + u2v2)a: *1 4+ dz(ugv3 +uv)yx1=0

(4.11) zx (z*x) 4+ dzu(u+ 2z x z + d*zu’(u> + 1)z =0

(4.12) zx (zxy) +dzu(u+2)zxy+ d*z0* (WP + 1)y =0

Let xg,...,x4-1 and yg,...,yq—1 be the parameters of Tr. Let also z : C; — C the function such that

2(0) =1 and z(k) = 2, 1 <k < d-1, and let y : Cy — C be the function such that y(k) = yx,
0<k<d-1.

We will solve the system of equations (4.8))-(4.12). We start with (4.11)), apply the Fourier transform,
and reproduce the proof of [14, Theorem 6 and Section 7]. We obtain the following values for Z:

(4.13) F=—(duz > t"+du+1)z Y "

meSup, meESup,

Using the properties of the Fourier transform, we obtain the expression for the x’s:

(4.14) T =—2|u Z Xm (k) +u(u® +1) Z Xm (k)

meESup, meSup,
Next, we use (4.12)) to detemine Sup(y). By applying the Fourier transform once again we obtain:
(@2 + dzu(u + 2)7 + d*zu?(u® + 1)) 7 = 0.
D

We know that D = 0 for all m € Sup(Z), therefore, § can be free in Sup(Z). On the other hand, if
n ¢ Sup(Z) we obtain:

d?zu?(u® + 1)g(n) = 0,
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which implies that 7(n) = 0 and therefore, supposing that d?zu?(u? + 1) # 0), we deduce that Sup(y) C
Sup(Z).

We will use the expressions for x and for Sup(y) to solve the remaining equations. Let 1 = Z;é 1(m)t™
and observe that the Fourier transform of the function 1 : Cy — C is:

d—1 —1 [d—1 de1 Fd—
1= (1#i,(0)t =) [ 1(r)xs(=7) [sz ]

r=0

rn
O

Thus we have that:

This means that in order to obtain the full set of solutions for (X) we will have to solve (4.8])-(4.10) for
both zero and non-zero values of k. Moreover, from (4.13) and depending on which subset of Sup(Z) the
element k lies in, we have the following possibilities for Z(k):

~y | —duz, k € Sup,
z(k) = { —du(u® + 1)z, k€ Supy, ’ k€ Ca

For k € C4 and k # 0, the equation (4.10) vanishes and we obtain the following solutions for y(k):

| —duz or duz, it ke Sup,, k#0
(4.15) glk) = { 0 or —duz(u? +1) or duz(u®+1), ifke€ Supy, k#0

On the other hand, for £ = 0 we obtain the following values for 5(0):

duz .
N “Z or  —duvz, if 0 € Sup,
(416) y(O) = { duZ(L\l/2+1) or duz(ifvz), ifoe Sup2
Combining (4.15) and (4.16]), we deduce the following four solutions for g:

1= _duz —7+ PR W (T ) A (e VI Y tm>

mESup1 mESupg mESup3 mESupZ

’mESup1 mESupg mGSupg mESupZ

:—duz(v+ DDA A S (e VI WA (R I Y t’”)
( W+, P S A (e VI A (e VI Y t’”)

m€Sup1 m€Supg mGSupg mGSupZ

g“—duz(\'QvlJr DR A (T ) A (TRE = VI ) t’"),

mESupif 'mESup2 mESup3 mESupz

where Sup? = {a € Cy | y(a) = f(i) for 0 <i <4} and f:{1,...,4} — C is the function that is defined
by f = —duzé; + duzds — duz(u® + 1)d3 + duz(u® + 1)d,. Moreover, from the above definitions for Sup?
together with (4.15) and (4.16)) we deduce the inclusions:

Sup{ U Supd U {0} = Sup; and Sup¥ LI Sup§ C Sups, if 0 € Sup;.

Sup{ U Supy = Sup; and Supj U Sup} LI {0} C Sups, if 0 € Sup,.

Using now the properties of the Fourier transform we are able to determine the expression for y;’s
keCqandre{1,...4}:
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=z (i@t X m®) - Y B @) Y X)) Y xnlk)

\%
mESupli’ mGSupg mESupg mESupZ

vi=—uz [vxob)+ Y xmk) = Y xmB)+ W@ +1) D xmB) =@ +1) > xm(k)

meSupy meSupy meSupy meSupy
. u?+1
yi = —uz *(Vi)x()(k) + Y xmB) = D xm) W1 D xmk) = (1) > xm(k)
mESupi’ mESupg mESupg mESupZ
vi—1
Yp = —uz Xo(k) + X () — X (k) + (u? +1) Xm (k) = (u® +1) Xm (k)
\%
meSupy meSupy meSupy meSupy

Finally, we return to (4.14) in order to determine the values of the trace parameter z. Recall that
zo = 1 and thus we have:

(4.17) 1 =120 = —2 (u|Sup, | + u(u® + 1)[Sup,|)

or, equivalenlty:

1
_u|Sup1| + u(u2 + 1)|Sup,|

We thus have proven the main theorem of this paper, which is the following:

z =

Theorem 5. Let x : Cy — C such that x(0) =1 and (k) =z, 1 <k <d—1 and let alsoy: Cq — C
such that y(k) = yr, 0 < k < d— 1. The trace Tr defined on YLBi’n(u,v) passes to the quotient algebra

FTLg,n(u,v) if and only if the parameters of the trace satisfy the following conditions:

T = —z (U Z Xm(k)+u(u2+1) Z xm(k) |, and

meESup, meSup,

1
"~ u[Supy |+ u(u2 + 1)[Sup,|’

where Sup, U Supy is the support of the Fourier transform of x, T. Moreover, we have that:
Sup(y) C Sup(Z),

where § 1s the Fourier transform of y and one of the two cases holds:

1. If 0 € Sup,, the parameters yi have the following form:

=z [ bbb Y @ @) Y ) - @) Y vab)

meSupy meSupy 7rLESupg meSupy

e =—uz [vo®) + Y xmk) = Y xm®) @41 Y ) - @D Y xwlk)

meSupy meSupl meSup} meSupy

2. If 0 € Sup,, the parameters yy, have the following form:
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p=—u [~ T B - T B @) Y ) - @ 1) Y k)

\
meSupi meSupy meSupy meSupy

=z (S Y k- Y v @) Y v - @) Y v

meSupy meSupy meSup meSupy

where U}_,Sup? = Sup(y). Finally, the following holds:
Sup? U Sup U {0} = Sup; and Sup§ LI Supj C Sups, if 0 € Sup,

Sup? U Supy = Sup; and Supj LI Supj LI {0} C Sups, if 0 € Sup,.

Corollary 1. In the case where one of Supy or Sup, is the empty set, the values of the xy’s are solutions
of the E-system, while the the yi’s are solutions of the F-system. More precisely we have that:

1. If Sup; = 0, then:

1 1
0 € Sup,, = E m(k), - _
WP P TGyl 2 X T S,
m upo

and the y’s are one of the following solutions of the F-system:

) = g+ e | D = X )

'rnESupg meSupy
or

g vi—1 1
(i) yp = m){o(@ + m Z Xm (k) — Z Xom (k)

meSupy meSup}

2. If Sup, = 0, then:

1 1
0 € Sup,, = E m(k), =_
WP T g 2 Xl E T g
1

and the yi’s are one of the following solutions of the F-system:

1 1
(i) yp = ——a—xo(k) + Xm (k) — Xm (k)
v[Sup; | |Sup, | mg;}pg me%pg

or

:|811/7p1\X0(k)+® Z Xm (k) — Z Yo (K)

mESupi’ mESupg

Remark 3. The conditions for the trace parameters z and x,,, 0 < m < d—1, are in total agreement with
the corresponding necessary and sufficient conditions for the type A case [I4, Theorem 6 and Section 7].
This is something that is expected since classical knot theory embeds in the knot theory of the solid
torus. Further, for d = 1 these conditions are also coherent with the solutions found for the classical case

in Section B.11
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5. LINK INVARIANTS FROM FTL27n(u,v)

In this section we introduce the framed and classical link invariants that are derived from FTLg)n(u, v).
In analogy to the type A case [14], these invariants will be specializations of the invariants X3, where
S C Ca, that were constructed on the level of Y} | (u,v) in [I0]. We shall first discuss briefly the invariants
X8 and then we will proceed with the specialization.

5.1. Invariants for framed links in the solid torus. The closure of a framed or classical braid of
type B corresponds to a knot or a link in the solid torus. Therefore, as mentioned earlier, in order to
define link invariants on the level of Yg’n, one has to make sure that the Markov trace Tr satisfies the
Markov equivalence for modular framed braids in the solid torus. To be more precise, two elements in
U, fg’n are equivalent if and only if they differ by a finite sequence of conjugations in the groups fg}n
and stabilization moves 3, 3 a ~ actl e Fini1- Let X = (x1,...,x4-1) a solution of the E-system,
Y = (yo,.-.,Y¥d—1) a solution of the F-system and S C C; that parametrizes said solutions. Then Tr can
be rescaled and normalized as follows:

Definition 4. The following map is an invariant of framed links inside the solid torus:

Bovuva - m(lu‘_fl)Es)nl (VAs) ™ Tr(rta)).

is the rescaling factor, Eg = I—é‘ for all i [26] 23] , () is the algebraic sum

where \g = z=(u—u"HEs

of the exponents of the o;’s in o and 7 is the natural epimorphism w : Fg,n — Yg,n. Restricting 7 to

classical braids, which can be seen as framed braids with all framings zero, one obtains an invariant for
classical links Y& (X, u,v)(@).

In analogy to the classical case, we can prove that the invariants X satisfy a set of skein relations.
Indeed we have:

Proposition 5. The invariants X8(\, u,v) satisfy the following two skein relations:

IS
Ju

1 u—ul &

\/T—SXS(LH —VAsXE(L-) = 7 XS(Ls),

-

where Ly = Bg;, L_ = Bgi ' and Ly = Bt3tl with B =m(a), a € W, and 7 : W, — Y5,

XG(M) — XG(M_) = Xs(Ms),

—

where M, = ﬁ/\bl-, M_ = Bb" and M, = ﬁ/\tf with 5 € Wn

7

Proof. Both skein relations are easily derived from the quadratic relations of Yg’n(u,v). Denote now

Ag = m For the first skein relation we have:

— £(6-1)
X3(g ) =ar (Vi) Tr(ae)
£(8-1) (8
= Ag_l (\//\s> ' Tr(B8g;) + (u — u_l)Ag_1 (\/)\s)

1 e(B+1) —u! e(B)
= o (Vas) T e + Mo (Vas) ™ e
1 u™t) «—

- (U B spd—s
= EXS(ﬁgi) + T ; XE(BLT)

1)
Tl"(ﬁ@i)
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g B g
Q 0 0 0 /0 0 s d—s |0
ST
Ly L_ Lg
L1 | L1 | L1 |
B B B
}Jo 0 | 0 0 s 0
~ T ™
My M_ M

FI1GURE 3. The elements L, L—, Ly, M, M_ and M, in open braid form.

which leads to
1 -1 d—1

VL) = VAL ) = R :

In an analogous way, we prove the second skein relation.

— e(B)
AR ) = a7 (V) ()

which is equivalent to:

O

The link invariants on the level of FTL};)n(u7 v) will be specializations of the invariants X8(\, u,v) for
specific values of the trace parameters x;, y; and z. Theorem@ provides the conditions so that these new
invariants are well-defined. Of course, not all values for z;, y; and z furnish topologically interesting link

invariants and so we shall use Corollary [1] to filter out such values.

In this context, we discard the cases 1(7), 2(¢) and 2(i¢) of Corollary [I} The reason behind this is that
if we specialize the trace parameters in the expression of X2 to any of the cases mentioned just above,
we will obtain an invariant that fails to distinguish basic pairs of links. In more detail, for d = 1 we have
that z; = 1 and so the parameters z and y; correspond to values that were discarded in the classical
case. From the surviving values of Corollary [I| we deduce that the rescaling factor Ag = u* and so we

have:

Definition 5. Let X = (x1,...,X4-1) a solution of the E-system, S C Cy that parametrizes said solution.

Let also the trace parameters yi to be as in case 1(ii) of Comllary and let z =

1
ETCEES I

Then, the
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following map is an invariant of framed links inside the solid torus:

B ~ 1+U2 ! 2e () = B/, 4
pS(u>V)(O‘) =\ Esu u Tr(7(a)) = XS(U SU, V),

where Es, e(a) and 7 : Fg,, — FTLY, (u,v) that sends o; — g; and t; — t;.

Since the invariants p% are specializations of XE, they should satisfy also a specialized version of the
skein relations of Proposition [5| Indeed, by substituting Ag = u* in Proposition [5| we obtain:

Proposition 6. The invariants p%(u,v) satisfy the following two skein relations:
u—ut el
G (L) (L) = TS (),
s=0
where Ly = Bg;, L_ = Bg;i 'Ly =Bt s, B=m(a), a € W, and 7 : W, — Y5,

_1d71
vV—v
PE(My) = p5(M) = ——>  p&(M,),
s=0

—

where M, = ﬁ/\bi, M_ = ﬁb;l and My = ,6755 and B € /V[7n

Remark 4. Notice that for d =1, p%(u,v) coincides with the case of classical links in (3.5). Moreover,
for d =1 the skein relations of Proposition[5 coincide with the skein relations (3.6) and (3.7).

5.2. Classical link invariants in the solid torus. Restricting 7 to classical braids, seen as framed
braids with all framings equal zero, one obtains from p%(u,v) an invariant for classical links, which is
denoted by 7 := n2(u,v). The invariant 7 satisfies the same skein relations as p%(u,v). Notice that the
algebra FTLg4 ,,(u) can be seen as a subalgerba of FTLZW Indeed, the image of the map

¢ : FTLqpn(u) — FTLY,,,

that sends g; — g¢; and t; — t;, is isomorphic to FTLg ,(u). Therefore, the trace Tr, when restricted to
¢(FTLg n(u)), coincides with the trace tr of FTLg, (u).

A link L inside the solid torus 7 is called affine if it lies inside a 3-ball B C T. Any link in S? can be
seen as an embedded affine link in the solid torus. From the above, we can deduce that the invariant 7
contains the invariant 6; and so it distinguishes at least the same number of non-isotopic links as 6.

More precisely, the invariant 6, distinguishes six pairs of non-isotopic links that are not distinguished
by the Jones polynomial [I5]. Moreover, 6, generalizes to the two-variable link invariant 6(q, E') that is
topologically equivalent to the Jones polynomial on knots but stronger than the Jones polynomial on links
[15, Theorem 5]. Consequently, it is different than the Homflypt and the Kauffman polynomials. It has
been shown as well [15] [3] that 6(q, E) distinguishes two links from the Eliahou-Kaufmann-Thistlethwaite
infinite family of links [7] that have the same Jones polynomial as the k-component unknot. By special-
izing F = 1/d, one can confirm that 6, also distinguishes these two links. Figure 4| collects all pairs of
affine links that are known to be distinguished by the invariant 7.

5.3. Future work. The observation that the invariant 7 contains 84 suggests that 7 is stronger than the
Jones polynomial in the solid torus, at least on affine links, and that it is different than the Homflypt
polynomial in the solid torus. Consider the map ¢ : KW,, — ngn that sends o; +— g¢;. In analogy to
[5] we have that §(KW,,) is isotopic to Y?br), the subalgebra of Y} | generated only by the braiding and
the looping generators. Note that in Y?br) the generators ¢; appear only in the idempotents e; and f;
and only after the application of one of the quadratic relations. However, they still have an impact on
the skein relation, as they introduce terms with summations (recall Proposition @ Unfortunately, this
makes difficult to compare 7 to other invariants in the solid torus on non-affine links.

In order to overcome this obstacle, we follow the method of [5,[15]. Let £2 be the algebra of braids and
ties of type B [9] that is generated by the braiding generators T; (i = 1...n — 1) the looping generator
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L11n358{0,0}  L11n418{0,0} L10n76{1,1} L11n425{1,0}
¢ N\
Ly & | &
D 4D NI
A E %, N
L11a467{0,0}  L11a527{0,0} L10n79{1,1} L10n95{10}

Y AL 70 0
Wy | ®¥ W

L11n325{1,1} L11n424{0,0} LLL(O) /\ 3-unlink
D | T OO
/ [ple ]

D | P O

L11a404{1,1} L11a428{0,1} H(-3,-2.2)

2-unlink

D & | W O

D

FIGURE 4. Pairs of affine links that are distinguished by the invariant 7 and not by
the Jones polynomial. Note that pairs H and I and unoriented. Pairs A-G follow the
Thistelthwaite notation [2]. Pairs H and I follow the Eliahou-Kauffman-Thistelthwaite
notation [7].

By, and the idempotents E; (i =1...n—1) and F; (j = 1,...n). Ford > n+1, the map & — Yj  is
an embedding [9], which, again in analogy to [5], implies that &8 = Y?br).

This means that in the context of classical links in the solid torus, seen as closures of framed braids
in the solid torus with all framings equal zero, we can work directly with 8. The advantage is that
the framing generators are not involved in the definition of £, which simplifies the corresponding skein
relations. For the purpose of our comparison we aim to generalize the invariant 7 to a three-variable
invariant. One could achieve this by defining the partition Temperley-Lieb algebra of type B, PTL?, as
an appropriate quotient of £ and determine the necessary and sufficient conditions so that the trace try,
of €8 passes to PTLY. Under these conditions, we will obtain the desired generalized invariant. This is
a work in progress and it will be the subject of a sequel paper.
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