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Abstract

The fundamental question whether the structure of curled topological states, such as ferroelectric vortices, can
be controlled by the application of an irrotational electric field is open. In this work, we studied the influence
of irrotational external electric fields on the formation, evolution, and relaxation of ferroelectric vortices in
spherical nanoparticles. In the framework of the Landau-Ginzburg-Devonshire approach coupled with
electrostatic equations, we performed finite element modeling of the polarization behavior in a ferroelectric
barium titanate core covered with a “tunable” paraelectric strontium titanate shell placed in a polymer or liquid
medium.

A stable two-dimensional vortex is formed in the core after a zero-field relaxation of an initial random
or poly-domain distribution of the polarization, where the vortex axis is directed along one of the core
crystallographic axes. Subsequently, sinusoidal pulses of a homogeneous electric field with variable period,
strength, and direction are applied. The field-induced changes of the vortex structure consist in the appearance
of an axial kernel in the form of a prolate nanodomain, the kernel growth, an increasing orientation of the
polarization along the field, and the onset of a single-domain state. We introduced the term "kernel” to name
the prolate nanodomain developed near the vortex axis and polarized perpendicular to the vortex plane. In
ferromagnetism, this region is generally known as the vortex core.

Unexpectedly, the in-field evolution of the polarization includes the formation of Bloch point
structures, located at two diametrically opposite positions near the core surface. After removal of the electric
field, the vortex recovers spontaneously; but its structure, axis orientation, and vorticity can be different from
the initial state. As a rule, the final state is a stable three-dimensional polarization vortex with an axial dipolar
kernel, which has a lower energy compared to the initial purely azimuthal vortex. The nature of this
counterintuitive result is that the gradient energy of the axial vortex without a kernel is significantly higher,
while the formation of a vortex kernel only leads to a smaller increase of the depolarization energy.

The analysis of the torque and electrostatic forces acting on the core-shell nanoparticle in an
irrotational electric field showed that the torque acting on the vortex with a kernel tends to rotate the
nanoparticle in such way that the vortex axis becomes parallel to the field direction. The vortex (with or without
a kernel) is electrostatically neutral, and therefore the force acting on the nanoparticle is absent for a
homogeneous electric field, and nonzero for the field with a strong spatial gradient.

The vortex states with a kernel possess a manifold degeneracy, appearing from three equiprobable
directions of vortex axis, clockwise and counterclockwise directions of polarization rotation along the vortex
axis, and two polarization directions in the kernel. This multitude of the vortex states in a single core are
promising for applications of core-shell nanoparticles and their ensembles as multi-bit memory and related
logic units. The rotation of a vortex kernel over a sphere, possible for the core-shell nanoparticles in a soft

matter medium with controllable viscosity, may be used to imitate qubit features.
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I. INTRODUCTION

Nanosized ferroelectrics attract permanent attention of researchers as unique model systems for
fundamental studies of polar surface properties, various screening mechanisms of spontaneous
polarization by free carriers, and often the emergence of versatile multi-domain states with complex
topology of electric dipoles [1, 2, 3, 4]. Many experimental and theoretical researchers have tried to
answer the question whether or not complex topological states, such as flux-closure domains or
polarization vortices and skyrmions, can exist in bulk and nanosized ferroelectrics, and whether one
can control these topological states by an external stimulus (see e.g. Refs. [5, 6, 7, 8, 9] and citations
therein).

It follows from many theoretical studies that a homogeneous electric field alone is practically
incapable of controlling the vortex polarization of nanosized ferroelectrics, and that additional
features are required, such as particle curvature or specific defects [10, 11]. In contrast, it has been
shown theoretically that “curled” electric fields [12], or asymmetric mechanical fields [9, 13], which
are very hard to realize experimentally, can induce a switching of the vortex polarization.

However, there are several experimental studies on the behavior of vortex polarization in
nanosized ferroelectrics under the application of an irrotational electric field [5, 14]. Specifically,
Rodriguez et al. [15] studied two-dimensional arrays of ferroelectric lead zirconate titanate nanodots
with the help of a strongly inhomogeneous electric field created by the probe of a piezoresponse force
microscope (PFM), and observed the presence of a quasi-toroidal polarization ordering. Karpov et
al. [16] used Bragg coherent diffractive imaging of a single BaTiOs nanoparticle in a composite
“polymer/ferroelectric” capacitor to study the behavior of a three-dimensional vortex. They revealed
a mobile vortex kernel exhibiting a reversible hysteretic transformation path under the influence of
an external electric field.

A much greater number of studies is devoted to the phase-field modeling of polarization
vortices in nanosized ferroelectrics and their reaction to an external stimulus using a continuum
phenomenological Landau-Ginzburg-Devonshire (LGD) approach combined with electrostatic
equations (see Ref. [17] and refs therein). For instance, Chen and Zheng [13] performed phase-field
modeling of the evolution of vortex domain structures in ferroelectric nanodots under asymmetric
elastic strains induced by the substrate, dislocations, and local clamping forces. They realized single-
vortex switching using a homogeneous electric field by controlling the flow direction of the dominant
dipole region induced by asymmetric mechanical strains. Wu et al. [18] and Xiong et al. [19]
demonstrated that surface charge screening in combination with temperature changes can provide an
efficient way to gain control of a vortex domain structure in ferroelectric nanodots. Mangeri et al.

[20] simulated the behavior of the polarization in isolated spherical PbTiOz and BaTiO3 nanoparticles



embedded in a dielectric matrix, and showed that the vortex-like polarization topology is strongly
affected by the particle diameter, as well as by the choice of inclusion and matrix materials. Mangeri
et al. [21] then proposed different ways for the electromechanical control of polarization vortex
ordering in interacting ferroelectric-dielectric dimers. Pitike et al. [22] modeled ferroelectric
nanoparticles and found that the critical particle sizes of the texture instabilities were strongly
dependent on the particle shape, with octahedral particles undergoing transitions at much larger
volumes, compared to cubic particles. Zhu et al. [23] modeled polar properties of ferroelectric
nanoparticles with different shapes and sizes, and it was shown that the process of polarization
switching occurs via an emergence of intermediate phases that involve an appreciable amount of
vorticity.

It should be underlined that the electric field control of a nanosized ferroelectric polarization
is of particular interest due to its perspective applications in modern electrocaloric (EC) convertors
working around phase transition temperatures [24, 25, 26]. Using an LGD approach and numerical
modeling, Li et al. [27], Zeng et al. [28], and Wang et al. [29] calculated the EC properties of
ferroelectric nanoparticles with complicated vortex-like domain structures. Chen and Fang [30]
studied the EC effect in barium titanate nanoparticles with vortex polarization using a core—shell
model.

To the best of our knowledge, existing theoretical papers (cited above and many others) did
not consider analytically the possibility of controlling the vortex polarization in nanosized
ferroelectrics by irrotational electric fields, which can be easily created.

Motivated to fill this gap in knowledge, we simulate numerically and describe analytically the
formation of polarization vortices in spherical nanoparticles consisting of a ferroelectric core covered
with a paraelectric shell, and analyze the vortex behavior in irrotational electric fields. We calculate
analytically the torque and the electrostatic force acting on the core-shell nanoparticle placed in a
liquid (or viscous) cell in the presence of a homogeneous electric field or its spatial gradient. The
controllability feature of the nanoparticle’s core polarization by the shell screening in combination
with external irrotational electric fields looks very attractive for new applications, such as multi-bit
memory, qubit simulation, and logic units.

The remainder of the paper has the following structure. The formulation of the problem is
presented in Section 11, which contains the method description and calculation details. Results of
finite element modeling and their analytical description are presented in Section 111, where special
attention is paid to the evolution of the polarization under an applied voltage, the structure of the
initial and final polarization states, and the polarization behavior in an external electric field. The
torque and electrostatic forces acting on the core-shell nanoparticle placed in homogeneous and

inhomogeneous (gradient) electric fields are analyzed in Section IV. Possible applications of core-



shell nanoparticles and their ensembles as multi-bit memory and related multi-value logic units, as
well as speculations about their ability to imitate qubit features at room temperature are discussed in
Section V. Obtained results are summarized in Section VI.

Il. FORMULATION OF THE PROBLEM

A. Method. We use the LGD approach combined with electrostatic equations, because this allows us
to establish the physical origin of anomalies in the phase diagrams, to determine polar and dielectric
properties of ferroelectric nanoparticles [31, 32], and to calculate the changes of their domain
structure morphology with size reduction [33, 34]. The LGD methodology further allows the
incorporation of various physical mechanisms ruling the size effects, such as surface bond contraction
[35, 36], intrinsic surface stresses and strains [37, 38, 39], correlation effects, and depolarization fields
originating from the incomplete screening of the polarization [40].

We performed finite element modeling (FEM) of the polarization and electric field evolution
in a 10 nm barium titanate (BaTiOs3) nanoparticle covered with a 4 nm thick “tunable” strontium
titanate (SrTiOz) shell with a ultra-high temperature-dependent relative dielectric permittivity
s ~ (3000 —300), which is placed in a polymer or liquid medium with a relative dielectric permittivity
ge~10. The main role of the paraelectric shell is to provide an effective tunable screening of the core
polarization [41]. The core size is typical of experimental values [42, 43, 44, 45].

The mathematical formulation of the problem, consisting in the electrostatic equations and
time-dependent LGD equations with boundary conditions, is given in detail in Ref. [41], and it is
repeated in Appendix A allowing for the application of a voltage to the capacitor electrodes located
at the boundaries of the computational region. Parameters of the core and shell materials used in FEM
are provided in Table Al. The sizes and screening conditions are chosen in such a way that the
nanoparticle core is in a stable orthorhombic ferroelectric phase with a vortex polarization in the
absence of an external electric field. The vortex polarization exists over a wide temperature range
(250 — 350) K [41].

B. Calculation details. The simulated model system is shown in Fig. 1(a). The upper
electrode can be biased and the bottom electrode is grounded. These two electrodes can rotate around
the core-shell nanoparticle, remaining parallel to each other, as shown in Fig. 1(b). During the
rotation, the crystallographic axes {x, y, z} of the particle core obviously remain unchanged, but the
surrounding medium rotates around the particle. This rotation is characterized by angles 6 and
(taken in a spherical coordinate system). The size of the upper electrode is varied to model the
inhomogeneous electric field [see Fig. 1(c)]. Note that a strong field gradient was used in experiments

on nanoparticle harvesting [46, 47] and PFM studies [15].



top electrode

dielectric medium

Ee nanoparticle

bottom electrode
(a)

bottom electrode

(c)

FIGURE 1. (a) A spherical ferroelectric nanoparticle (core) of radius R, covered with a paraelectric layer
(shell) of thickness AR, placed in an isotropic dielectric effective medium. (b) Rotating electrodes around the
core-shell nanoparticle. The crystallographic axes {x, y, z} of the particle core remain unchanged during the
rotation characterized by angles 6 and v, taken in a spherical coordinate system. (c) The size of the top

electrode is varied, allowing for the modelling of inhomogeneous electric fields in the computational region.

Hence, FEM was carried out according to the following scheme:

1. The position of the electrodes is defined by the angles 6 and .

2. The voltage between the electrodes is absent in the time interval —500 1« to 0 t« (see Figs. 2, left
part), where the time is measured in units of the Landau-Khalatnikov relaxation time t« [48]. The
time Tk can vary in a relatively wide interval, from (10° — 10°®) seconds, far from the ferroelectric
phase transition, to much higher values approaching the transition that corresponds to the critical
slowing down of the ferroelectric response. The time 500 t« appeared to be long enough for the
formation of a stable single vortex from the initial random distribution of polarization. So, the
characteristic time scale of “off-field relaxation” is of the order of ~ 100 k.

3. A quasi-static sinusoidal voltage pulse with an amplitude of 20 V is applied during different
periods. Figure 2 shows a comparison between the two cases of sinusoidal pulses with different
periods Tp. The results show that the particle polarization is in a dynamic regime at T,, = 103 74
[Fig. 2(a), middle part], where changes in the polarization structure lag behind the applied field, and
changes in the polarization approach the quasi-static regime at T, = 10* 7, T [Fig. 2(b), middle part].
Note that the times (10 — 100)ty appear to be long enough for the system’s relaxation in the electric
field, and that the “in-field” relaxation time reduces with increasing voltage. Voltages below a certain
critical value do not destroy the vortices, indicating the stability of these structures. Note that the
relaxation time is weakly dependent on the orientation of the external field with respect to the

crystallographic axes.



4. The field is absent again for ¢ > T,,, and the system slowly relaxes to a new equilibrium state in
the time interval T, < t < 2T, which corresponds to a rotated and distorted vortex (see Figs. 2, right
part). Note that the contrast in the images on the upper right indicates the appearance of a nonzero
dipole moment at zero field. This dipole moment, which originates from the vortex kernel, can
provide a means to manipulate the vortex orientation by an external field, as discussed in more detail
later.

5. The size of the top electrode is varied to model the inhomogeneous electric field.
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FIGURE 2. Evolution of the applied voltage U and electric potential ¢ in the region of the core-shell
nanoparticle. Color images show characteristic distributions of the electric potential ¢ inside and around the

nanoparticle at different times in the units of Landau-Khalatnikov relaxation time 7. (a) The vortex axis



coincides with the crystallographic direction [001] before the voltage pulse, while its axis is oriented along the
[100] direction long after the pulse ending. The amplitude of the applied sinusoidal voltage pulse is 20 V,
the pulse duration is 1037, (a) and 10*z, (b). The direction of the external field is [101] (a) and [100] (b),
which corresponds to the angles y = 0° 6 = 45° (a) and 6 = 0° (b). Particle radius R = 10 nm, shell thickness
AR =4 nm, and temperature T=298 K; BaTiOs core and SrTiOs shell parameters are listed in Table Al.

I1l. FEM RESULTS AND THEIR ANALYTICAL DESCRIPTION

It is shown [41] that the vortex polarization in spherical nanoparticles with radius 10 nm or
greater is stable over a wide temperature range (250 — 350) K. Our FEM simulations have shown that
a stable vortex is formed from various initial distributions of polarization (using either random
“seeding”, or different poly-domain initial conditions). The vortex axis is directed along one of the
crystallographic axes, since the ferroelectric anisotropy energy of the core is minimal for these
directions. After the vortex formation, an external electric field is applied to the nanoparticle, and its
strength and direction with respect to the vortex axis are varied. We investigate whether the vortex
polarization of a nanoparticle can be controlled by irrotational (homogeneous or gradient-type)
electric fields. BaTiOs core and SrTiOz shell LGD parameters, collected from Refs. [49, 50, 51, 52,
53, 54], are listed in Table Al, Appendix A.

Our simulations demonstrate that the minimal external field required to change the vortex
structure is about (15 — 30) mV/nm in a quasi-static case (T, > 10*1). The fields must exceed the
maximal depolarization electric field, that is about 15 mV/nm in the equilibrium state. Significantly
higher fields ~ (100 — 150) mV/nm, which are still smaller than the thermodynamic coercive field ~
250 mV/nm, are required to rotate the polarization vortex axis, or to destroy the vortex completely.
The discrepancy between the calculated thermodynamic coercive field (~ 250 mV/nm) and the
experimentally observed coercive field of bulk BaTiOsz (~ 0.1 mV/nm) may originate from the
influence of intrinsic charged defects, which we do not consider. All of these fields are significantly
smaller than the breakdown field of a surrounding liquid medium or polymer ~ (500 — 700) mV/nm
[55].

A. Evolution of the Polarization Under an Applied Voltage
Figure 3 shows a typical example of the polarization components’ evolution under a
sinusoidal pulse of an applied voltage with a duration of 103 7. The yz and Xy cross-sections
correspond to various snapshots taken at different delay times after the application of the external
field, measured in 7 units. A stable single vortex state with energy Gi~— 8.967x10*8 J is formed
from any type of polydomain (or random) polarization distribution at t = 0, but the formation time

significantly depends on its specific form. It is greatest for a small random distribution (more than



200 1), and becomes considerably smaller for a closure-type polydomain polarization. It appears
that the fastest formation of a vortex (about 20 tx) occurs when the initial configuration of the
polarization is a superposition of the four Kittel-type flux-closure domains and a small random

polarization (it is shown in Fig. 3 for t=0).
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FIGURE 3. Temporal evolution of the polarization components’ distribution in the yz and xy cross-sections
of the BaTiOs nanoparticle covered with a SrTiOs shell. Several moments of dimensionless time t (in the units
of 7 ) are shown in plots (a) — (h). Black arrows indicate polarization direction. The direction of the external
field is [100]. The vortex axis coincides with the crystallographic direction [001] before the voltage pulse, and
is aligned with the [100] direction long after the voltage removal. The sinusoidal pulse duration is 103 .

Other parameters are the same as in Fig. 2(a).

We chose a situation where the vortex axis coincides with the [001] crystallographic direction

before applying the voltage pulse, at t<0. The sinusoidal voltage pulse is shown in Fig. 2(a). After



the voltage is applied at t>0, the electrode position is defined by the angles 6 = 90° and y = 0°, which
corresponds to an external field directed along the [100] crystallographic axis. The vortex in-field
behavior can be described as follows: while the voltage amplitude remained below a critical value,
only slight and gradual changes occur, but as the voltage increases it eventually destroys the vortex
resulting in a homogeneously polarized state for sufficiently high voltages. Then, the homogeneous
state splits into a double vortex state as the voltage sign changes. After the voltage is removed, the
polarization relaxation leads to the formation of a new single vortex with a lower energy
Go~— 8.978x108 J and a rotated axis that coincides with the field direction [100]. The fully relaxed
vortex structure contains a "kernel", that resembles a nanodomain in the form of the prolate ellipsoid
of width 6.4 nm and length 20 nm, with an almost homogeneous polarization along the vortex axis
[see two top images in Fig. 3(h)]. This ellipsoidal nanodomain in the center of the ferroelectric vortex
has a shape that is similar to the characteristic vortex kernel (or core), which appears in the case of
ferromagnetic three-dimensional vortex structures (see, e.g., chapter 3.6. of textbook [56] and Ref.
[57]). The prolate shape of the vortex kernel, known from ferromagnetic vortices, is due to
electrostatic reasons. By decreasing the radius of the kernel near the surface, the system reduces the
amount of electrostatic surface charges B,, and thereby lowers the dipole moment and depolarization
energy. Note, that we use the term "kernel” to describe the region of the vortex near its axis that is
polarized perpendicular to the vortex plane. In ferromagnetism, this region is generally known as the
vortex "core" [58, 59]. We use "kernel” in this paper in order to avoid ambiguities in the general
context of core-shell particles.

When the electric field is directed, e.g., along the [111] axis, the “relaxed” vortex axis can lie
along any of three possible directions ([001], [010] or the initial [100]), depending on the
computational fluctuations. Thus, there are three equilibrium directions of the vortex axis, between
which the vortex can be switched via the application and subsequent removal of an external electric
field. Each direction and each vortex circulation direction (clockwise or anti-clockwise) has three
local minima, namely a simple vortex (excited state “0”) and two vortex states with a kernel having
mutually opposite polarization (ground states “+1”). Actually, for any given sense of rotation
(vorticity), the state “+1” is two-fold degenerate, as there are two equivalent states that differ by the
sign of the polarization within the kernel. These types of the lowest states “0” and “+1” have a
relatively small energy difference AG=+ 1.2x102° J, corresponding to the barrier height 2.9 kT at
298 K and a relative energy difference of only about 0.1%. The formation of the state “+1” with a
kernel can be attributed to a significant reduction of the gradient energy contribution, since an empty
vortex axis has a higher density of gradient energy near the central axis in the state “0”. The density

becomes significantly smaller in the states “+1”, when the "empty" region surrounding the vortex
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axis transforms into a prolate nanodomain. On the other hand, the kernel formation leads to an
increase of the depolarization field energy. The difference in the free energies of the states “0” and
“+1” suggests that, for this specific sample, the decrease of gradient energy of the almost
homogeneously polarized kernel is partially compensated by the increase of depolarization energy
that arises from the kernel dipole moment.

Given the relative proximity of the simple vortex energy Gi and the energy Go of a vortex
with a kernel, the polarization of a nanoparticle core can pass from one local minimum to another
under certain external conditions. By placing a particle with a simple vortex polarization in an
external electric field, which has a nonzero average over the particle volume, it turns a simple vortex
into a vortex with a kernel regardless of the field direction, as can be seen from Fig. 3. The magnitude
of the field may be small, but it is sufficient to overcome the thermodynamic barrier AG /kgT. The
nanoparticle core becomes completely or partially single-domain in larger fields with a nonzero
average.

In view of this result, we can expect that a simple vortex state “0” is a metastable state, i.e.
that it represents an energetic local minimum. This raises the question whether the state “0” might be
an unstable minimum, i.e. a saddle point, which is only formed in perfectly random (or polydomain)
conditions of the simulation. A saddle point could become unstable by applying an arbitrarily small
field, breaking the symmetry along the axis. However, we repeatedly found in our simulations that a
simple vortex is formed spontaneously (at E*=0) from any small random distribution of polarization,
which has a certain (but rather small) degree of asymmetry [41]. These trial simulations thus indicate
that state “0” is a real local minimum. We also found that in the simulations it is possible to transform
a vortex with an axial kernel into a simple vortex. This, however, requires the application of a random
electric field, which has a zero average over the particle volume and an amplitude that is sufficient to
overcome the barrier.

The polarization of a two-fold degenerate kernel state and its quasi-static evolution at small
voltages are shown in Fig. 4. Polarization profiles are calculated for a long period voltage pulse, T, =
10*7,. Two perpendicular line scans, x =y =0 and y =z =0, are shown for several small
voltages: U = 0 in Figs. 4(a, b) correspond to the upper part of the pulse in Fig. 2(b), and U<0 in
Figs. 4(c, b) correspond to the lower part of the pulse in Fig. 2(b). Symbols are the FEM results.

Solid black curves were calculated for U = 0 using the analytical dependence P, (x,y = 0,z) = P, +

Pdtanh< /z—z + ;—z + d? — Ld> with parameters Ry=15nm, R,=08nm, d=15 Lg=25,

Po = -0.105 C/m?, and Pq = 0.160 C/m? [for Fig. 4(a,b)], or Po = +0.105 C/m? and Pgq = —0.160 C/m?
[for Fig. 4(c,d)].

11
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FIGURE 4. Polarization profiles calculated at several small voltages U for two perpendicular line scans, x =
y=0 (a,c)and y=z=0 (b,d). Plots (a, b) correspond to U = 0 [upper part of the voltage pulse in
Fig. 2(b)], and plots (c, d) correspond to U < 0 [lower part of the voltage pulse in Fig. 2(b)]. Symbols are the

FEM data. Solid black curves are analytical dependences listed in the text. The voltage cycle period is 10%z.

We calculated that the average spontaneous polarization of the nanoparticle is £0.11 pC/cm?;
and it is pointed along the prolate part of the kernel at U = 0 (see color insets in Fig. 4, showing
“blue” or “red” prolate ellipsoids inside a “green” region). At the same time, one can see the highly
polarized kernel with a total dipole moment +4.11 x 10726 C m and average polarization +6.58
nC/cm?, and the rest of the core with the total dipole moment ¥3.66 x 1072 C m and average
polarization ¥1.03 pC/cm?. A much smaller resulting polarization stems from the high compensation
degree of the small kernel (15% of the ferroelectric core volume) with high positive (or negative)
polarization in the region of small negative (or positive) polarization, whose relative volume is about
85 %.
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Note that the switching between the two-fold degenerate ground vortex states “+1” and the
excited vortex state “0” can be realized by external electric fields in an ensemble of non-interacting
ferroelectric nanoparticles placed in a liquid or polymer matrix.

Our results indicate that the internal kernel structure of three-dimensional vortices is a general
feature of nanoscale ferroelectric vortices that has so far not been thoroughly addressed. This is further
corroborated by results reported by Mangeri et al. [21] and Pitike et al. [22], who found similar
polarization structures in simulations of nanoparticles of other shapes, although the physical origin,
energy stability, formation, and in-field and off-field evolution of the ferroelectric vortex with the
kernel have not been discussed there. Our findings also correlate nicely with the well-known existence

of analogous core structures in ferromagnetic vortices.

B. Structure of Initial and Final Polarization States

A typical distribution of polarization components and their derivatives before the voltage
pulse is initially applied and the final state formed a long time ( 10*z,) after the voltage pulse are
shown in Figs. 5(a)-(d). The vortex axis coincides with the crystallographic direction [001] prior to
the voltage pulse. The direction of external field pulse is [100]. It is seen from Figs. 5(a)-(b) that the
zero-field (before the pulse) and off-field (relaxed after the pulse) vortex states “0” and “+1” have
different axes and internal structures.

The vortex axis coincides with the crystallographic direction [001] prior to the voltage pulse
(state “0”) [see Fig. 5(a)], and its polarization structure is a single curl with a weak fourfold polar
anisotropy manifesting itself as the 4 lighter and 4 darker lobes corresponding to the azimuthal angles
Y =mmn/8+nmn/2 (nand m are integers). The polar anisotropy is inherent to a tetragonal 4mm
phase of a bulk BaTiO3z at room temperature. The polarization derivatives satisfy the equality
dP,/0x = —dP,/dy, such that its total divergence div P is zero [Fig. 5(c)]. Since div P=0 in the state
“0”, the resulting bound charge is absent at the spherical surface in accordance with Gauss’ theorem,

o = [,(Pds) = [,divPd’r = 0. Next, we checked that the resulting dipolar moment [, Pd’r is also

zero in the state “0”.

The domain structure of a ferroelectric core and polarization relaxation in the states “+1°” have
some distinct features [see Fig. 5(b)]. In addition to the vortex part of the polarization itself lying in
the plane of the vortex (“simple” vortex), there is a polarization outside this plane localized in an
ellipsoidal region elongated along an axis perpendicular to the plane of the vortex. The region looks
like a 180-degree prolate “axial nanodomain” directed along the vortex axis [001]. The azimuthal
vortex polarization in this nanodomain is absent. It can be seen from Fig. 5(b) that the nanodomain
has a dipole moment. The dipolar character of the kernel is further evidenced by the potential

difference at the opposite ends of the kernel, displayed in the panel on the upper right of Fig. 2. The
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external dipole moment of the kernel is reduced by a partial alignment of the polarization in the
nanoparticle along the field of this dipole in regions outside the kernel. This dipole moment of the
vortex kernel and its coupling to the azimuthal polarization vortex is an important feature that allows
for the manipulation of the vortex axis with a homogeneous external field. There are sub-surface

regions near the poles of the axial kernel with nonzero div P, which are exactly the oppositely charged
regions of the aforementioned dipole [see Fig. 5(d)]. It is seen from Figs. 2 that the vortex states “+1”

with a dipolar kernel have a non-zero dipolar moment.

(a) Simple vortex before voltage (b) Vortex with dipolar kernel
pulse (initial state “0”) after pulse (relaxed state “1”)
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FIGURE 5. A typical distribution of polarization components (a, b) and their derivatives (c, d) calculated by
FEM before the voltage pulse application (a, c), and 10*zy after the pulse (b, d). The vortex axis coincides
with the crystallographic direction [001] before the voltage pulse; while its axis coincides with the [100]
direction after the pulse and polarization relaxation. The direction of external field pulse is [100]. The radial
dependences of the polarization components in spherical coordinates are shown before the pulse in plots (e-f),
and after the pulse and system relaxation in plots (g-i). Angle & = = /2 for plots (e)-(i), and the symbols of
different colors are calculated by FEM for the angles ¥ = nm/2 (red), /8 + nn/2 (blue), t/4 + nm/2
(magenta), and 37/8 + nm/2 (green). The solid black curves are calculated from Eqgs.(2). Other parameters

are the same as in Fig. 2.

Allowing for the spherical geometry of the nanoparticle, it appears convenient to calculate
and analyze the polarization components in spherical coordinates {r, 8,1}. The radial distributions
of the vortex polarization components before the pulse are shown in Figs. 5(e-f), and the components
after the pulse removal and subsequent relaxation are shown in Figs. 5(g-i). The polar angle 6 = /2
for plots (e)-(i), and the symbols of different colors, calculated by FEM, correspond to characteristic
azimuthal angles ¥ =nmn/2 (red), /8 + nm/2 (blue), /4 + nn/2 (magenta), and 37/8 +
nm/2 (green).

To fit the FEM dependencies shown in Fig. 5(e)-(i) let us consider the distribution of the
polarization describing the vortex structure in spherical coordinates,

P ={P, Py, Py} (1)

Using the argumentation presented in Appendix B, we have “guessed” the following trial functions:
_bi( 19)

Po(r$,6) = T, a;(p, O)tanh (T20E2), @ =7,,0. )

For the initial state “0”, that is a single vortex without a kernel, the fitting parameters are listed
in Table BI, Appendix B. Solid curves in Figs. 5(e)-(f) are calculated analytically from Eq. (2) using
these parameters. For a final state “+1”, that is a vortex with an axial kernel, the fitting parameters
are listed in Table BIl, Appendix B. The solid curves in Figs. 5(g)-(i) are calculated analytically
from Eq.(2). Note that the polar component P, (, v, 8) is nonzero for the vortex with an axial kernel.
The radial component B.(r,y, 8) acquires zero values for several angles i = nm/4 defined by
ferroelectric anisotropy for both vortex states “0” and “+1”.

Since the solid curves in Figs. 5(e)-(i) are in a good agreement with the data (symbols)
calculated by FEM, we can conclude that the trial functions (2) adequately describe the polarization
profiles. Let us analyze the functional form (2), and discuss the meaning of the fitting parameters.
The functions have a rather simple physical interpretation of kink-type profiles, inherent to the diffuse
Bloch-Ising type domain walls, which are typical for multiaxial ferroelectrics [60]. Fitting parameters

a;(, 8) and b; (1, ) are angle-dependent amplitudes and shifts, respectively. The fitting parameters

15



R;(1, 8) describe the domain wall width and depend on the wall orientation. Note that P. < Py, as
anticipated for a single vortex-like state in an anisotropic ferroelectric, since for an isotropic vortex

P. = Py = 0 and Py, depends only on the distance r from the particle center.

C. Three-dimensional vortices and Bloch Point Structures: Comparison with
Ferromagnets

Analytical expressions (2) are interpolation trial functions, which are selected from general
considerations, but not derived. Unfortunately, we are not aware of any analytical model for the
structure and dynamics of a ferroelectric or ferromagnetic vortex in nanospheres. At the same time,
micromagnetic simulations of vortex structures in ferromagnetic nanodisks [57, 61], mesoscopic
islands [62], prisms [63], ellipsoids [64], and magnetic thin films [65] have been previously
performed under an external field. These magnetic vortices result from the tendency of the
magnetization to form flux-closure patterns, which are frequently found in confined mesoscopic
ferromagnets. A typical vortex structure is characterized by the circulation of the in-plane
magnetization around a nanometer-sized kernel, whose radius is determined by the competition
between the magnetostatic and exchange energies. The functional form of the vortex kernel profile is
analyzed in Ref. [66] for different models. At the vortex center, the magnetization rotates out of plane
as a result of the exchange interaction, forming an extremely stable structure [67]. The simplest
example of a vortex structure occurs in cylindrical-shaped nanomagnets [57, 61] above the single-
domain limit [68].

Although the situation in a nanosphere is quite different from that in a cylinder or thin film, it
seems possible to extend the above conclusions made for magnetic vortices to ferroelectric
nanospheres and underline some important differences between ferromagnetic and ferroelectric
vortices. The first important difference is that in contrast to the ferroelectric vortices discussed above,
the kernel of ferromagnetic vortices is an integral part of the vortex structure, whose existence is
enforced by topology. In a ferromagnetic vortex, the kernel is a consequence of both the smoothness
of the magnetization field M in ferromagnets, which is due to the dominant ferromagnetic exchange
on short length scales, and the nonlinear constraint [M| = const., which means that M is a directional
field of constant magnitude. In contrast to this, the polarizability of ferroelectric materials makes it
possible to have low-dimensional regions representing topological defects, such as Ising-type domain
walls where the polarization vanishes on the central plane between two oppositely polarized domains.
The only case where such topological defects may occur in homogeneous ferromagnetic materials is
the specific three-dimensional structures known as Bloch point structures (BPS), which are typically
formed at the center of special types of magnetic vortices. For these structures, the transition between

oppositely magnetized regions cannot proceed continuously [69, 70], leading to a point with

16



vanishing magnetization, M=0. The simplest topological configuration of the Bloch point has the
form M = +Me,..

For a ferroelectric vortex state “0” we calculated that P = Pe, around its axis z [see EQs.(2)
and Fig. 5(f) at U = 0]. Thus, formally we can interpret the line x = y = 0 in this state as an “Ising
line” inside the vortex [71], because the “line” is an analogue of a diffuse Bloch-Ising type domain
wall inherent to ferroelectrics [60]. BPSs appear when a vortex interacts with an external field and
transforms into the state “+1” with a field-induced kernel. Typical BPSs with two diametrically
opposite Bloch-points (P = 0) located at the core surface are shown in Fig. 6 for the voltage U = -1.38
V.

BPS Polarization components,

(@)

FIGURE 6. Determination of a Bloch point structure (BPS) position. (a) The intersection points (denoted with
a white cross) of the polarization components’ iso-surfaces, P1 = 0 (red), P, = 0 (magenta), and P3 = 0 (blue),
show the position of two diametrically opposite Bloch-points (P=0) located near the core surface. Cross-
sections z = 0 (b) and y = 0 (c) of the nanoparticle polarization with Bloch points (denoted with a cross) for
three components of the polarization, P, (left column), P, (middle column), and P3 (right column). Parameters:
voltage amplitude U = —1.38 V and period 10%t«. Small black arrows indicate the direction of polarization in

plots (b)-(c). Other parameters are the same as in Fig. 2(a).

To the best of our knowledge, the BPS are new topological structures in ferroelectrics.
Remarkably, our results evidence a close analogy with micromagnetism concerning the BPS, because
there, too, they typically appear during switching processes. In magnetism, this was discovered more
than 40 years ago by Arrott et al. [72], where the BPS were called "point singularities”. It is worth

noting that the Bloch points propagate from both sides of the sample during a ferromagnetic or
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ferroelectric switching process. This results in the temporary formation of an isolated, non-reversed
region inside the ferromagnet called a "drop™ by Hertel and Kirschner [73], or in the formation of the
ferroelectric kernel in the considered case. These observations allow us to conclude that there are
important similarities between magnetic BPS and the polarization BPS that we calculated in the

ferroelectric spherical nanoparticle.

D. Polarization Response to a Periodic Electric Field

The dependencies of the polarization P averaged over the core volume, with a periodic voltage
Usin (?) applied between the electrodes, were studied for different periods Ty and directions of the
P

nanoparticle core crystallographic axes. The homogeneous electric field E** is perpendicular to the
electrodes [see Fig. 1(b)]. The FEM simulation showed that a small dipolar kernel surrounded by a
curling part of the polarization can be formed at rather small voltages (~15 mV) during the first period
of the electric field application. The induced polarization is parallel to the field, PTTE® and
increases withan increase of E®, The first cycle with a transient process of the initial vortex
destruction or reorientation is not shown in the Figs. 6-8.

The quasi-static dependence P(U), shown in Fig. 7, was calculated for T, = 10*tx and E®¢
parallel to one of the crystallographic directions [100], [010], or [001]. The initial vortex axis
coincides with the direction [001], and the angle between the direction [001] and E®* influences the
polarization during the first cycle of electric field. After the first cycle, P(U) becomes the same for
E® parallel to the direction [100], [010], or [001].

The quasi-static behavior of the polarization dependence P(U), shown in Fig. 7, can be
explained as follows. The spontaneous polarization is conditioned by the small average polarization
of the kernel, P(0) = P, (see zoomed inset to Fig. 7). The value of the field-induced polarization
P(U) is linearly proportional to the applied voltage at |U| < U,,, where the critical voltage U, =
7 V, and the internal structure of the vortex polarization continuously changes at |U| < U,,. To
illustrate the effect, color images show the polarization distribution at positive and negative voltages

U. The images’ location corresponds to the counterclockwise direction along the loop.
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FIGURE 7. Quasi-static hysteresis loop of the average polarization P(U) for several directions of the external
field E**TT[100], [101], and [001]. The spontaneous polarization conditioned by the dipolar kernel is shown
in the inset. Small color images show polarization distributions at different voltages U; the values are indicated
next to each image. Polarization cross-sections, shown in the images, are parallel to E**. Small black arrows
indicate the direction of polarization in color images. The period of the applied voltage Tp= 10%t« and other

parameters are the same as in Fig. 2(b).

Since P(U) = P, + AU at |U| < U,,, the average polarization is linearly proportional to the
effective electric field E, ¢ (U) inside the particle core:

PU) = 2Py + goXefrEesr (U), (3a)
where +P,, is the small spontaneous polarization of the kernel, &, is the universal dielectric constant,
and x.rr is the effective linear dielectric susceptibility of the ferroelectric core. The kernel
polarization is bi-stable, because it can be positive or negative depending on the field gradient

(increase or decrease). The effective field E,f¢(U) can be estimated from the expression,

Eerr(U) = 9e,e5(gr) EXC(U),  n(e) = a+a) . (3b)

2(gp—€5)(e5—&)+(1+4)3(2e0+55)(e+285)
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Thus E,ff is proportional to an external field E®*Xt(U) multiplied by a depolarization factor n(ef).
The factor depends on the relative thickness of the shell, 4 = %; &, &, and ¢, are the ferroelectric

core, paraelectric shell, and surrounding media permittivities, respectively. Equation (3b) is derived
in Appendix C (section C.2.1).

The value x.rr = 360 was estimated from the curve slope in Fig. 7 using the relationship

Eext zm. Note, the value is essentially higher than the relative susceptibility xZ70 ~

(110 — 170) of a bulk BaTiOs in the polar direction [001], and much smaller than y2T° ~ 4000 in
the perpendicular direction [100] at 298 K. The value x., being surprisingly close to the permittivity
& ~ 300 of a paraelectric SrTiOs shell, can indicate the appearance of super-paraelectric features in
small core-shell ferroelectric nanoparticles.

As the voltage overcomes the critical value of the vortex destruction, the curling part of the
polarization disappears and the ferroelectric core becomes single-domain. In the considered case,
U.1 =7V corresponds to the first quasi-static critical field along the main crystallographic
directions. At U > U, the core remains single-domain up to the maximal voltage (20 V in the
considered case). Next, when the voltage is reduced to the next critical value U, =12V
corresponding to the second quasi-static critical field along the direction [001], the polarization
becomes curled again, but the vortex does not appear immediately. At first the domains with
polarization modulated in the plane perpendicular to the field axis appear. These two different critical
fields determine the quasi-static double hysteresis loop P(U) shown in Fig. 7.

The dynamics of the average polarization, P(U), shown in Fig. 8, is calculated for E** parallel
to: one of the crystallographic direction [100], [010], or [001] [see plot (a)], one of the face diagonal
[101], [101] or [101] [see plot (b)], or the main diagonal [111] of the cubic cell [see plot (c)]. The
initial vortex axis coincides with the crystallographic direction [001].

Dash-dotted green, black solid, red dashed, and blue dotted curves correspond to the relatively
long (Tp = 10*1k), intermediate (Tp = 103tx), short (Tp = 301k), and ultra-short (T, = 3t«) periods of
the applied voltage, respectively. At U = 0, the case of the fast cycling (blue dotted and red dashed
curves) shows evident remanence, while the slower cycling (dash-dotted green and black solid lines)
corresponds to much smaller remanence, visible only in the inset to Fig. 7. A non-zero remanence is
an inherent feature of the vortex kernel. We attribute the reduction of the remanence at slower cycles
to a comparatively slow relaxation of the larger vortex region surrounding the kernel, such as to
partially align the vortex polarization with the depolarization field of the kernel, i.e. in a direction
opposite to the kernel polarization. Actually, the color images in Fig. 8(a), which show polarization

distributions calculated for Tp= 10%t« at different voltages U, are very different from the images in

Fig. 7, calculated for Tp= 10%tk.
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FIGURE 8. Hysteresis loops of the average polarization P(U) calculated for several directions of an external
field E®TT[100] (a), E*TT [101] (b), and E**TT[111] (c). Dash-dotted green, black solid, red dashed, and

blue dotted curves correspond to different periods T,= (10* — 3)t« of the applied voltage U. Color images in
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plot (a) show polarization distributions calculated for T,= 10%t« at different voltages U, which are indicated
next to each image. Small black arrows indicate the direction of polarization in the color images. Other

parameters are the same as in Fig. 2(a).

It is seen that the polarization P(U) induced by the electric field with a period T, = (10* -
10%)tk is quasi-linear in the region |U] < 5V [see green dash-dotted and black solid curves in
Fig. 8(a)]. The linear part is followed by either a change of the slope for E®*T1[111], or by the
appearance of rather narrow minor loops at 5V < |U| < 14V for E**T1[100] [compare Fig. 8(a)-(c)].
The sub-linear increase of P(U) starts at higher voltages, being the most pronounced for E*TT[100].
A rather slim hysteresis loop P(U) opens with decreasing Tp; and these loops are almost the same for
different directions of E® (see red dashed curves calculated for T, = 30 t«). The loops acquire a

quasi-elliptic shape for a small period Tp = 3tk (See blue dotted curves calculated for Tp = 3 1x).

IV. ELECTROSTATIC FORCES ACTING ON THE CORE-SHELL
NANOPARTICLE

Using FEM, we calculated the electrostatic forces acting on the core-shell nanoparticle placed in a
liquid (or viscous) medium under an external electric field. The electric field E in the ferroelectric
core consists of external and depolarization contributions, E = E¢*t + E%, where E® is generally
inhomogeneous. The only exceptions are homogeneously polarized ellipsoids, for which the internal
depolarization field is homogeneous [74]. Since free charges are absent inside the core, divD = 0 and
D = P + g4E. The electric displacement is continuous at the core-shell interface, but the radial
component of the electric field and polarization are discontinuous at the interface due the absence of

ferroelectric polarization P in the shell and the different dielectric permittivities, ¢ and &.
The electrostatic force F and torque M components acting on a core-shell nanoparticle placed

in the external electric field E®* can be calculated from the expressions [74]:

F = [, (P(c") - VYE**(r)dV" + [, (Ps(x') - VYE** (r)dV" (42)

M= [ ([P(r) x E**(x)] + [r' x (P(x") - VIE*(r)]dV’, (4b)
where summation on i =1,2,3 is performed, the polarization P, = Ps+€o(€f — 1)E in the

ferroelectric core, and P, = £,(e; — 1)E in the paraelectric shell. The scalar product (P-V) =
9
axi'

P; —, and the integration is performed over the core and shell regions with total volume V =V, + V.

Following Landau et al. [74], E¢* is calculated under the absence of P.
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A. Electrostatic Force and Torque Acting on a Nanoparticle Placed in a Homogeneous

Electric Field
ext
As it follows from Eq.(4a) the force is zero (F = 0) for any constant field, because P; ag;. =
ext
0 for ag:;. = 0. The polarization vortex (with or without a dipolar kernel) cannot move translationally

J

in a homogeneous external field; it can only rotate around its axis [see Fig.1(b)]. Correspondingly,

the torque M in a homogeneous field is M = —[Eext X fVP(r’)dV’]. It is easy to check that
J, P(r")dV’ = 0 for the vortex state “0” without a kernel, thus M=0 in this state.

FEM shows that the average value of the “vortex + kernel” spontaneous polarization Pk is
about £10 C/m? in the absence of an external field. When the external homogeneous field is present,
the average polarization P becomes almost collinear to the field (see e.g. Figs. 7-8). This happens
rapidly (at times < 30tk) via several mechanisms, such as nanoparticle rotation in a liquid medium,
polarization re-orientation, and induction by the E®. As a result, the torque acting on the particle is
small, except for the time intervals when the external field and nanoparticle axes change their mutual
orientation. Assuming that the only non-zero component of the average polarization is P,, the transient
torque is:

M = T R3(E*te, — Egey )R, (5)
where P, = %fVPz(r)dV’ (see Section C.1 in Appendix C for mathematical details). Evolution of

the normalized torque My acting on the core-shell nanoparticle is shown in Fig. 9. The external field
is directed in the crystallographic direction z over a time that is long enough (>100 k) to orient the
nanoparticle polarization P in the z-direction (red curve with label “E;”). The torque is absent for the
case P 7T E®. At this point the z-directed field is removed and a subsequent field is applied in the x-
directed field over a period of one t« (blue curve with label “Ex”). As one can see from Fig. 9, the
maximal value of the torque is achieved with some delay after the electric field in both directions
have comparable values. This is due to a certain retardation in the polarization response to the field,
by an order of the Landau-Khalatnikov relaxation time tk, which can be seen from the distribution of
polarization components (see color images in Fig. 9). The maximal value of the torque is achieved at
the time when the voltages U; = 0.05 V and Ux = 14.63 V.
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FIGURE 9. Normalized torque My (black curve) acting on the core-shell nanoparticle vs. time. At first, the
field in z-direction (E., red curve) is applied, then it is turned off and quickly applied in the orthogonal direction
(Ex, blue curve). Color images show the distribution of polarization components inside the core at several
moments of time. Parameters Umax =20 V: h = 17 nm, and the factor My = 0.965 1076 J. White arrows indicate

the direction of polarization. Other parameters are the same as in Fig. 3.

From the expression (5) and Fig. 9 we can conclude that the torque M tends to rotate the
nanoparticle in such way that the vortex axis ([001] in the considered case) or the polarization vector
becomes parallel to the field direction. This conclusion remains valid for an inhomogeneous electric

field and is used in the following sections.

B. Electrostatic Force Acting on a Nanoparticle Placed in a Strong Electric Field Gradient

As it follows from the above discussion, the studied spherical nanoparticles with a vortex
polarization do not have any net electrostatic charge (monopole moment), and therefore such particles
do not experience any force in a homogeneous electric field. To study the effect of an inhomogeneous
field, it is necessary to analyze the particle dipole moment. If the nanoparticle core is in the state “0”,
representing a vortex without a central axial kernel, then it can be recognized immediately that the
dipole moment is zero for symmetry reasons. However, if the vortex possesses a kernel forming an
axial nanodomain (states “t1”), then the kernel has a sizable dipole moment, and in that case an
inhomogeneous external field will exert a force on the nanoparticle. The experimentally observed
particle motion in the inhomogeneous electric field created by a charged tip or wire [“>471 can thus be
attributed to the dipole moment of the vortex kernel, which (if not already present) might be induced
into the vortex structure. The dipole moment of the vortex kernel leads to an attractive gradient force
in the inhomogeneous electric field: F = (peV)E [74]. In this scenario, however, it is assumed that
the vortex structure remains intact, and that the inhomogeneous field only generates the nanodomain

as the kernel of the vortex without destroying it. Actually, Figs. 3, 7, & 8 demonstrate that the vortices
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can be partially or completely destroyed by irrotational external fields, and the particle polarization
follows the external field.

As a next step, the electrostatic force acting on a core-shell nanoparticle is calculated. The
ferroelectric core has an average spontaneous polarization P;, = {Py4, Py, Px3}, Which originates
from the polarized vortex kernel. The particle is placed in a strongly inhomogeneous electric field
that is produced by the charged tip electrode [see Fig. 1(c)]. For this case, the effective point charge
model [75] is applicable. The effective charge Q* is located at the point h = {0,0, h}, where h > R +
AR corresponding to the charge location outside the particle. The effective charge Q* = C.U, where
C; is the tip effective capacity and U is applied voltage. For a spherical tip C; = 4mey e R;, Where Ry
~ (5 -50) nm is the tip curvature.

After lengthy calculations made in the Section C.2.2 of Appendix C, we derived that the force
consists of two contributions,

F=F;+F,. (6a)

The first force component, Fc, is proportional to the core spontaneous polarization, i.e. it is

proportional to the kernel dipole moment. Fc is expressed via an effective dipole moment, p:

Fc= - [Pf —3(ps-h) %] Py = 121mesen(er )R Py (6b)

4EgELN3

Note that the depolarizing factor n(sf) has the same functional form as in Eq.(3b), n(gf) =

(1+4)3
2(se—ss)(ss—sf)+(1+4)3(2£e+ss)(sf+2£s)

, and depends on &¢, which is the sum of background permittivity

&p and effective susceptibility y.r, &r = €, + x.rr. In accordance with Egs.(3), the estimate &, ~365
is valid for voltages |U| < U,,. The force (6b) is a typical dipole force decreasing with distance as
1/h3.

The second contribution, F,,, is a dielectrophoretic force ['®,

_Q*Z - Rltzn h
Fo= ame, <Zn=1m Gn (Sf)> n (6¢)
with an expansion coefficient

G.(e) = n(1+n)(1+2) 121 (1+4) 142 (g,—5) (ne+(1+n)gs) +(e5—&) (e + (1+1) €5) |
n\&) = n(1+n)(e—gg5)(e5—&e)+(1+4)1121 (g,(14+n) +neg) (ne+(1+n)gg)

The dielectrophoretic force decreases with distance as 1/h>.

(6d)

If the particle is far enough from the probe tip (h > R + AR), only the first term with n=1 is

significant in Eq.(6c), and the force components acquire a much simpler form:

* 3 * 3
Fi~3en(e) SPa (7)o~ 3em(e) TP (5) (72)

* 2 3
F; =~ — [685 S—OP,(3 + —anohz ,u(sf)] n(ef) (g) , (7b)
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where the dielectric factor u(er) = (1 + A)3(e, — &5)(ef + 2¢5) + (&5 — &) (g0 + 2¢5) s

3
introduced. If the nanoparticle is far enough from the tip the force component F3 scales as A (%) +

5 3
B (g) ; thusthe dipole force ~A (%) dominates with increasing distance.

The case P, ={0,0,+P,} corresponding to an already rotated nanoparticle with two
orientations of the kernel polarization is considered below. For this case, the only nonzero component
is F3. The total electrostatic force F acting on the core-shell nanoparticle is F = F, + F [see Eq.(6a)];
the total force F and its contributions, Fc and Fq, are shown in Fig. 10. Note that F can change its
sign depending on the sign of P,, namely F. > 0 for Q*P, > 0 and F < 0 for Q*P, < 0. Two cases,
F =F, + |F¢| and F = Fy — |F¢|, are shown by black and magenta curves, respectively. The total
force can go to zero when Fc and Fq counteract each other, it can even change direction when |F| >
Fy. Figure 10(a) illustrates the dependence of the force on the voltage U calculated at a fixed distance,
h =500 nm. The dependence of the force on the distance h calculated at a fixed voltage U=100 mV
is shown in Fig. 10(b).
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FIGURE 10. (a) Electrostatic force F (black and magenta curves) and its contributions, the absolute value of
Fc (blue curves) and Fq (red curves), acting on the core-shell nanoparticle vs. the voltage U applied to the
electrode tip located at distance h = 500 nm. (b) F, F¢, and Fq vs. the distance h at U = 100 mV. Curves are
calculated from Egs.(6) for a nanoparticle spontaneous polarization P, = +0.11 uC/cm?, radius R = 10 nm,
shell thickness AR = 4 nm, . = 10, & = 300, & = 365, and tip capacity C; = 5-10"" F corresponding to the

curvature Ro = 50 nm. The force scale is 10*° N (femtoNewtons, fN).

26



V. POSSIBLE APPLICATIONS IN LOGIC UNITS

Since the vortex axis should have significantly enhanced electro-conductivity in comparison
to the rest of the particle volume [77, 78], it can act as a conductive nanosized channel. Actually, as
one can see from Fig. 11, the bound charge o being equal to P«(R), is maximum at the contact point
of the vortex axis to the surface. Note that pronounced red (c>0) and blue (6<0) maxima of the bound
charge exist where the prolate dipolar kernel of the vortex contacts the surface of the core; they are
absent for a simple vortex [compare Figs. 11(a)-(b) with Figs. 11(c)-(d)]. Such surface charges of
opposite sign on opposite sides are characteristic for a dipole. In addition to this primary axial dipole
moment, we also observe an anisotropy-induced azimuthal modulation leading to higher-order
moments that represent a much weaker effect.

Free charges from the surrounding medium screen the bound charges, and in turn significantly
enhance the surface conductivity around the vortex axis. The enhanced conductivity of the
nanodomain walls, which is almost uncharged inside the BaTiOs core, and its physical nature related
to flexoelectricity and deformation potential has been studied in detail in Ref.[79]. Note that the
vortex axis with an axial kernel should be conductive in other multiaxial ferroelectrics such as PbxZr1-
xT103 [80] or BiFeOsz [81, 82]. It should also be noted that a ferroelectric nanoparticle with

significantly higher kernel polarization can possibly be fabricated using tunable coatings [83].

FIGURE 11. Bound charge distribution at the surface of a BaTiOs nanoparticle covered with a SrTiOs shell.
The surface charge of vortex with an axial kernel is shown in plots (a) — (b), and the charge for a simple vortex
is shown in plots (c) — (d). Black arrows indicate the direction of polarization. An external field is absent.

Other parameters are the same as in Fig. 2.

The energy of the vortex state “0”” demonstrates a 6-fold degeneracy consisting in the 3 equally
probable axis directions multiplied by clockwise and counterclockwise directions of polarization
rotation across the vortex axis. For the vortex state “+1”” with a kernel, the degeneracy becomes 12-
fold, since the above 6-fold degeneracy doubles by 2 equiprobable signs of polarization inside the
vortex kernel. The 18-fold degeneracy can be obtained as a sum of 6 vortex states “0”” and 12 states

“+1” of vortex with an axial kernel. As we have established in this work, the manifold degeneracy of
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vortex states corresponds to three energy minima, where an “excited” vortex state “0” and the vortex
ground states “+1” with positive and negative axial dipolar kernels have a relatively close energy
difference G, — G, ~+ 1.2x10"° J corresponding to 2.9 keT at 298 K. The manifold degeneracy and
energy proximity open possible applications of core-shell nanoparticles and their ensembles as multi-
bit memory and related multi-value logic units [84].

To imagine a multi-bit memory cell, let us consider an ensemble of non-interacting core-shell
nanoparticles with a vortex polarization placed in a soft matter environment (e.g. wax, liquid crystal,
or colloid) with a viscosity that is strongly temperature-dependent around the working (i.e. room)
temperature. The nanoparticles can freely rotate and move in the liquid soft matter, and are prevented
from rotating when the matter becomes solid. The ferroelectric transition temperature of the particle
core (~ 390 K) is much higher than the soft matter melting temperature. The direction of the
crystallographic axes in a given ferroelectric core is random with respect to the electrodes, which coat
opposite sides of the cell, and the core-shell nanoparticles sit between these electrodes. Since the
equilibrium vortex axis should coincide with one of the crystallographic directions [100], [010], or
[001], a given nanoparticle in the composite can be in any of three types of vortex states, with an axial
kernel (two states “+1”) and without one (state “0”’). The resulting polarization of a nanocomposite

can be presented as a sum of these states,
|PY = 2ijk Cijic lijk) (7

The real number Cij is a relative fraction of the state |ijk) in the composite, ;i Cl-zjk =1land 0 <
Cijr < 1. The first subscript i=1, 2, 3 designates the vortex axis, the second subscript j=-1, 0, +1

indicates the kernel “color” (i.e. polarization sign “1” or “~1” in the kernel, “0” without a kernel),
and the third subscript k= “I” or “r” corresponds to the “chirality”, defined as a clockwise or
counterclockwise direction of the vortex polarization rotation. For a given nanoparticle the
coefficients can be interpreted as probabilities. The kernel characteristic "color" introduced here is
similar to the spin-flavor characteristics used to describe specific states of elementary particles in
magnetic fields.

Note that cannot distinguish between some of the 18 states that are calculated using Eq.7 and
those measured using current atomic force microscopy (C-AFM) to determine the of local
conductivity. Actually, imagine that a single-layer of spherical core-shell nanoparticles with the
vortex polarization of the ferroelectric core is placed in a plane capacitor with sizes that are slightly
larger than the particle diameter 2(R + AR) (see Fig. 12). Since the BaTiOz core is regarded as a
dielectric, and the thin SrTiOz shell and the soft matter surrounding the core-shell particle are low
conducting band-gap materials, the optimal conductance path depends on how close the electrodes

are to the conductive vortex axis [see dotted light blue path in Fig.12(b)]. The resistance p; of the
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serial connection ‘“core-shell nanoparticle + soft matter” can be estimated from the expression
pL(a) = 2R[(1 — cosa)py + pr], where a is the angle between the kernel axis and the normal to
the electrodes, py, is the specific resistivity of the soft matter, and p,, is the specific resistivity of
kernel domain walls. To observe the C-AFM contrast between the soft matter and the nanoparticle,
the strong inequality py, > p; should be valid. Hence, the measurements of local conductivity can
distinguish only the projection of the kernel axis on the electrode plane, proportional to cos («). The

stateswitha = + g and a simple vortex without a kernel are indistinguishable [see Fig.12(a)], as well

as the states with different signs of the kernel polarization [see Fig.12(b)-(c)]. The conclusion is true
for non-interacting nanoparticles only, i.e. when a dipole-dipole interaction between the particles is
negligibly small. The nanoparticles in a dense ensemble tend to align the dipole moments of their
kernels locally antiparallel; therefore, (P) = 0 for the macroscopic state resulting in a minimal dipole-

dipole energy [such alignment of the states “+1” and “-1” is shown in Fig.12(c)].
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FIGURE 12. Spherical core-shell nanoparticles with a vortex polarization and axial dipolar kernel are placed

in a plane capacitor with a thickness slightly greater than the sphere diameter. (a-c) If the kernel is conductive
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the system can be in a low conductivity state (a), intermediate state (b), or high conductivity state (c). (d)
Nano-FET with a mobile rotating channel. (e) The polarization states, |P4) and |Pg), of two core-shell
nanoparticles, "A" and "B". These states coupling or “entanglement” after the application of “H” and

“CNOT” operations.

A single core-shell nanoparticle, whose polarization vortex has a dipolar kernel, placed in a
soft matter environment, can be considered as a candidate for a nanosized field effect transistor (nano-
FET) containing a “rotating” channel with an angular dependence of the local resistivity p; (a).
Actually, the voltage applied between the FET gates can rotate or shift the particle (in order to

rotate/move the kernel axis) [see Fig.12(d)], and so the gate field Eg controls the channel conductivity

1
2R[(1—cosa)pw+pk

o.(a) = T Note, that the soft matter softening or hardening with temperature can
provide an additional temperature control of the channel conductivity. The vortex stability and kernel
rotation feasibility are advantages of the nano-FET operation. Its drawback is a relatively low
operation speed due to the sluggishness of sphere rotation and/or a translational motion towards the
gate.

Another interesting aspect is that a “classical” behavior of the vortex axis (with or without a
conductive kernel) can simulate a “qubit” at room temperature, since it formally appeared that some
basic properties of qubits necessary for a quantum computation [85, 86] can be simulated by the
vortex states “*1” revealed in this work. These possibilities are discussed below, with a strict
precaution that we consider an imitation of quantum behavior by classical core-shell nanoparticles
decoupled or coupled by non-local interactions.

A. Continuity of polarization and conductivity states over a spherical surface

For a core-shell nanoparticle placed in a liquid medium an almost free rotation of a vortex
axis is possible. The rotation is characterized by two spherical angles, 6 and y. Since the absolute
value of the kernel polarization is conserved at zero external field (E=0), the polarization vector can
be expanded in orthogonal basis vectors, |P) = A|P,) + B|Pg). Ket vectors |P,) = (1,0) and |Pg) =
(0,1) are the orthogonal basis of one-particle polarization states [see Fig. 12(e)]. The representation

formally coincides with the Bloch sphere representation of a qubit [85, 86]. The complex coefficients

A = cos (g) and B = sin (g) e are probability amplitudes for the superposition state, thus |A|? +
|B|? = 1; and the local conductivity is sensitive to the superposition. Since the vortex state “0”
without a kernel (A = B = 0) falls into the center of the sphere, the situation for all three polarization
states “0” and “£1” is more complex than the Bloch representation.

The general state of a qubit can be a coherent superposition of two binary “pure” states “0” or

“1”, while the classical bit can be only either in the state “0” or in the state “1”. Whereas a
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measurement of a classical bit would not disturb its state, a measurement of a qubit would irreversibly
destroy its coherence and superposition state (so-called “collapse” of the wave function [85 861y,
Actually, we cannot measure the direction of the vortex axis in a given nanoparticle by application of
a voltage between the electrodes, because the particle would rotate in the electric field, and after the
rotation time (that is on the order of the Landau-Khalatnikov relaxation time tx ~ (10° — 10) s, see
Fig. 9) the axis of a dipolar kernel aligns parallel to the E-field, i.e. perpendicular to the electrodes.
The higher the voltage, the faster the vortices are destroyed.

The “collapse” of the core states can be avoided by freezing the soft matter. In this case, the
nanoparticle axes cannot rotate and we can measure a “snapshot” of the vortex axes directions (at
least hypothetically) in a solid nanocomposite.

B. Long-range interaction between core-shell nanoparticles

Multiple qubits can exhibit quantum entanglement unlike classical bits. Quantum
entanglement is a nonlocal property of two or more qubits that allows a set of qubits to express a
higher correlation than is possible in classical systems [85, 86]. Due to the partial screening of the
core spontaneous polarization by the paraelectric shell and dielectric (or wide-gap semiconducting)
surrounding medium, the core-shell nanoparticles interact via long-range electrostatic forces between
their dipolar kernels. The interaction is essentially nonlocal due to the integral nature of depolarization
factors and strong spatial dispersion of the effective dielectric permittivity. Simply speaking, the
system consisting of two (or more) nanoparticles tends to align the dipole moment of their kernels in
an antiparallel alignment to minimize the electrostatic energy. The electrostatic interaction between
the particles becomes very weak for an effective (i.e. almost complete) screening of their ferroelectric
polarization, and its strength can be controlled by the distance between the particles [43].

Two core-shell nanoparticles, "A" and "B", shown in Fig. 12(e), can be described by the direct
product of |P,) and |Pg) states, with orthogonal basis |A4) = (1000), |AB) = (0100), |BA) =
(0010), and |BB) = (0001) in a 4-dimensional Hilbert space. To imitate maximally entangled Bell

state P*, one can start from detangled |P,) and |Pg) states. At first one can apply a Hadamard

transformation H = —= (1 B 1) to |P,) and obtain |P,,) = \/% (1,1) as the result. Next, the application

vz \1
of a controllable logic operation "NOT" (i.e. "CNOT") is realized by a unitary matrix Ucyor =
1000
8(1)8(1’ [87]. Applying Ugnor to the direct product of |P,,) and |Pp) states, = (144) + |BA)), gives
0010

the Bell state |P, ) = % (|AA) + |BB)) as aresult. To realize the action of H on the |P,) state we can

apply a sinusoidal pulse of an electric field directed along the axis [101] of the core-shell nanoparticle

"A". The field rotates |P,) vector 45 degrees, and also changes the kernel color (i.e. the sign of
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polarization) after the sinusoidal pulse (see e.g. Fig. 7). Only after application of H to nanoparticle
"A", one can apply another electric field pulse to nanoparticle "B", where the aim is to rotate its |Pg)
vector 90 degrees and change its kernel color.

Since it seems possible to imitate a quantum CNOT operation using the considered multi-
degenerate ferroelectric vortex states, it may be reasonable to further elaborate on the states
possibilities for the imitation of quantum computing [85, 86]. However, one should realize that the
long-range electrostatic (or magnetostatic) interaction between the core-shell ferroelectric (or
ferromagnetic) nanoparticles has no similarities with “true” entanglement of e.g. photons, because
the photons can be entangled at macroscopic distances [86], whereas the nanoparticles cannot be
entangled at such distances due to the attenuation of electrostatic or magnetostatic fields. Also, one
should realize that the rotation time of ferroelectric or ferromagnetic particle is small, but much longer

than the time of almost instant quantum interactions.

V1. SUMMARY
In the framework of Landau-Ginzburg-Devonshire approach coupled with electrostatic equations, we
studied the influence of irrotational external electric fields on the formation, evolution, and relaxation
of polarization vortices in spherical ferroelectric nanoparticles. In particular, we performed FEM of
the zero-field and in-field polarization evolution in a ferroelectric BaTiOs core covered with a
“tunable” paraelectric SrTiOs shell placed in a dielectric polymer or liquid medium. The role of the
tunable paraelectric shell is to provide an effective screening of the core polarization.

A stable two-dimensional vortex was formed in the core after a zero-field relaxation of a
random or poly-domain distribution of polarization, with the vortex axis directed along one of the
core crystallographic axes. In order to analyze field-induced changes of the vortex structure, a
sinusoidal pulse of a homogeneous electric field was applied, and its period, strength, and direction
were varied. A small quasi-static field induced an axial kernel inside the vortex, which formed of a
prolate nanodomain with near-homogeneous spontaneous polarization.

Similar to ferromagnetic vortexes, the kernel of a ferroelectric vortex acts like a dipole and
opens the possibility to rotate the vortex axis by a small quasi-static homogeneous electric field. Due
to the strong ferroelectric anisotropy, which effectively prevents the rotation of the dipolar kernel and
tends to align it parallel to the one of crystallographic directions, the in-field orientation of the kernel
is conditioned by the minimum of dipolar and anisotropy energies. As the kernel is coupled to the
azimuthal vortex, and the vortex plane is perpendicular to the kernel axis, it is rotated with the kernel.
The kernel increases in size with an increasing electric field, and eventually the nanoparticle becomes

single-domain.
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Quite unexpectedly, we revealed the appearance of Bloch point structures during the
switching process. In the case of ferromagnetic materials, Bloch points are typically formed at the
center of special types of three-dimensional vortices, where the transition between oppositely oriented
regions cannot proceed continuously. Here we found analogous situations leading to a Bloch point
with a vanishing polarization (P = 0). In the considered case, the in-field evolution of the polarization
distribution contains two diametrically opposite Bloch points located at the core surface.

After the electric field is removed, the polarization vortex recovers spontaneously, but its
structure, axis orientation, and polarization rotation direction can be different from the initial state.
As a rule, the final state is a three-dimensional polarization vortex with an axial dipolar kernel, whose
energy is less than the energy of the initial two-dimensional “empty” vortex by ~ 3 keT at room
temperature. The nature of this counterintuitive result is a significant reduction of the gradient energy
in the axial region of the vortex by the formation of a kernel, which is only partly compensated by an
increase in the energy of the depolarization field for a vortex with a prolate single-domain kernel.
The relatively small difference in energies means the possible coexistence of both vortex states.

We also calculated the torque and the electrostatic forces acting on the core-shell nanoparticle
placed in an applied electric field. The torque acting on the polarization vortex with an axial kernel
tends to rotate the nanoparticle in such way that the vortex axis becomes parallel to the field direction.
The vortex (with or without a kernel) is electrostatically neutral, and therefore the nanoparticle does
not move in a homogeneous field. Because of the kernel dipole moment, a particle motion can be
observed in electric fields with a strong spatial gradient.

The vortex states possess a sixfold degeneracy regarding the vortex orientation and
circulation, consisting of three crystallographic axis directions multiplied by the clockwise and
counterclockwise directions of the polarization rotation along the axis. As two different "colors" of
vortex states can exist, with and without an axial dipolar kernel (the latter with a two-fold degeneracy
in terms of the polarization direction on the kernel), the number of states can further be multiplied by
three. This multitude of vortex states in a single core makes core-shell nanoparticles and their
ensembles promising candidates for multi-bit memory and related logic units. The opportunity to use
the rotation of a vortex kernel, which is possible in the case of core-shell nanoparticles placed in a

soft matter matrix with controllable viscosity, may be used to imitate qubit properties.

APPENDIX A contains a mathematical formulation of the problem in the framework of Landau-
Ginzburg-Devonshire theory, and parameters of BaTiOs (core) and SrTiOs (shell) materials used in
FEM.

APPENDIX B contains the approximate solutions of Euler-Lagrange equations and fitting

parameters for vortex states.
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APPENDIX C contains the details of torque and electrostatic force calculations.
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Supplementary Material to
“Electric Field Control of Three-Dimensional VVortex States in Core-Shell

Ferroelectric Nanoparticles”

APPENDIX A. Mathematical Formulation of the Problem
We consider a ferroelectric nanoparticle core of radius R with a three-component ferroelectric
polarization P directed along one of the crystallographic axes. The core is regarded as insulating, without
any free charges. It is covered with a semiconducting tunable shell of thickness AR that is characterized

by the relative dielectric permittivity tensor ef] The core-shell nanoparticle is placed in a dielectric

medium (polymer, gas, liquid, air, or vacuum) with an effective dielectric permittivity, ge. The word
“effective” implies the presence of other particles in the medium, which can be described in an effective
medium approach. For the sake of clarity, we consider the medium as being isotropic and temperature-
independent, i.e. &; = ;;¢., in contrast to anisotropic and/or tunable shells. The considered physical
model corresponds to a nanocomposite consisting of core-shell nanoparticles in a dielectric medium,
with a small volume fraction of ferroelectric nanoparticles (less than 10%) in the composite. The core-
shell geometry is shown in Fig. 1 of the main text.

Below we assume that the shell is soft enough not to affect the strain and stress in the ferroelectric
core. The role of the shell is to modify and affect the electrostatics only, and so the elastic part of the
problem is the same as in our previous study [1] of a ferroelectric core alone.

Since the ferroelectric polarization contains background and soft mode contributions, the electric
displacement vector has the form D = g,¢,E + P inside the core. In this expression g, is a relative
permittivity of the core background unrelated with the soft mode [2], and &, is the universal dielectric
constant, and P is a ferroelectric polarization containing the spontaneous and field-induced
contributions, P = Pg + g0 XfE + eo)szE3 + eo)szfE5+.., where Py is the spontaneous polarization at
E=0. Note that the expression D = ¢y, E + P is different from the usual textbook definition, D = ¢yE +
P, where P is the total polarization. Usually 4 < ¢, < 10, and so g, can be significantly smaller than
the linear susceptibility y related to the soft ferroelectric mode, since as a rule y > 30. In the case of
linear response to a small external electric field the displacement is D ~ £,é-E + Pg, where & = j, +
&.D; = eosijj in the shell and D; = &,¢,.E; in the isotropic effective medium.

The electric field components E; are derived from the electric potential ¢ in a conventional way,

E; = —0¢/0dx;. The potential ¢ satisfies the Poisson equation in the ferroelectric core (subscript "f"):

a2 92 02 aP;
_ = — <r<
£0€p (ax§ + ox + 6x§) Pf = omr 0<r<R, (A.1la)

and Debye-type equation in the shell (subscript "s"):
1



9 s 0ps) _ Ps
eoa—xi(eij ax]-) = —¢g &2 R<r <R+ AR, (A.1b)

where R, is the "net" screening length of the shell. As mentioned in the introduction, there are several
possible ways to change the dielectric permittivity tensor of the shell. In all these cases the external
stimuli (electric field, temperature, light, heat, etc.) affect the dielectric properties of the shell, which can
influence the spatial distribution of ferro-active ions inside the core via electrostatic interactions and
electric boundary conditions.

Outside the shell ¢ satisfies the Laplace equation:

a2 92 92
8086 (ﬁ‘l‘@'{'a_xg) (pe - 0; T'>R+AR, (AlC)

1

Equations (A.1) are supplemented with the continuity conditions for electric potential and normal

components of the electric displacements at the particle surface and core-shell interface:
(Pe = @s)lr=p4ar = 0, N(De — Dg)|r—par =0, (A.1d)
(ps—op)| _, =0, n(Ds=Df)| _. =0. (A.1e)
Since we do not apply an external field, the potential vanishes either at infinity, ¢.|,_. = 0, or at the
surface of remote electrodes located at the boundaries of the computational region.
The LGD free energy functional G additively includes a Landau expansion on powers of 2-4-6

of the polarization, Gpgnaq,; @ polarization gradient energy contribution, Gg..4; an electrostatic
contribution, G; as well as elastic, electrostriction, flexoelectric contributions, Geg. fiexo, and surface

energy, Gs. It has the form [3, 4]

G = GLandau + Ggrad + Gel + Ges+flexo + GSa (A-Za)
Grandau = Jyepep @1 [@:P? + a;jPPP} + a;j PZPPPE], (A.2b)
_ 3, Jijkt OPi 0Pk
Ggraa = fO<T<R ", dx; 0x;’ (A.2c)
—_— 3 gy b pp) %o SEE.d3r — & eL.E.d3
Gel - J‘0<r<Rd T(PlEl + 2 ElEl) 2 JR<r<R+AR gl]ElEJd r 2 Jr>R+AR SlJElEJd r, (A'Zd)
Sijkl Fijri oP d0i;
3., Sijit
fR<r<R+AR d "=, 9%kt (A.le)
Gs = [._,d?ra®P2. (A.1f)

The coefficient a; linearly depends on temperature T:

a;(T) = ar[T — Tc(R)], (A.33)
where a; is the inverse Curie-Weiss constant and T.(R) is the ferroelectric Curie temperature
renormalized by electrostriction and surface tension. Actually, the surface tension induces additional

surface stresses g;; proportional to the surface tension coefficient u and equal to oy; = 03, = 033l =

2



% for a spherical nanoparticle of radius R. The stresses affect the Curie temperature and ferroelectric

polarization behaviour due to the electrostriction coupling. Thus, the renormalized Curie temperature,

T.(R), acquires the following form [1-3]:

To(R) = T, (1 - 2“) (A.3b)

arTc R
where T, is a Curie temperature of a bulk ferroelectric. Q is the sum of electrostriction tensor diagonal
components that is positive for most ferroelectric perovskites with cubic m3m symmetry in the
paraelectric phase, namely 0.004 < Q < 0.04m*/C? [1-4]. Recent experiments tell us that p is relatively
small, not more than (2 — 4) N/m for most perovskites.

Tensor components a;; and a;j;, are regarded as temperature-independent. The tensor a;; is
positively defined if the ferroelectric material undergoes a second order transition to the paraelectric
phase and negative otherwise. Higher nonlinear tensor a;j, and gradient coefficients tensor g;j;, are
positively defined and regarded as temperature independent. The value g;; is the stress tensor, s;j; is
the elastic compliances tensor, Q;jx,; is electrostriction tensor, and F;jy; is the flexoelectric tensor in
Eq.(A.2e).

Allowing for the Khalatnikov mechanism of polarization relaxation [°], minimization of the free

energy (A.2) with respect to polarization leads to three coupled time-dependent Euler-Lagrange

equations for polarization components, =-I aP‘, where the explicit form for a ferroelectric

5P,
nanoparticle with m3m parent symmetry is:

ap1

I'—+ 2P;(a; — Q12(022 + 033) — Q11011) — Qu4(012P; + 013P3) + 4a11P13 + 26112131(1322 + Ps*z) +

5 4 2p2 | p4 2p2 2p2 _ , 9%Ps 621’1 92P1) _
6a4111P7 + 2a412P1(Py + 2P{ Py + P3 + 2P{P§) + 2a433P1 P P3 — 9115 oz s +ax§

60'11

, d2P, , a2P. do do do do
om +912)W62xl_ (944 +‘912)W611+F11 9%, +F12( 2 4 633) +F44( 12 +_13) =E;

6x3

(A.43)

oP
F_Z + 2P,(a; — Q12(011 + 033) — Q11022) — Qua(012P; + 023P3) + 4ay1 P; + 2a1,P, (P + P§) +

a2p 2P d2P,
6a,11 Py + 2a,12Po (Pt + 2P2PZ + P + 2P2P2) + 2a,,3P,PEP2 — g1 axz g44( 2 4 z) _

dx2

1] 62P1 _ ’ 62P3 60'22 60'11 60'33 60'12 (%’l _
(944 + g12) 9%,0%, (944 + 912) %301, +F - %, + Fi; (aXZ + 9%, ) + Fuy (ax1 + 9% ) =E,
(A.4b)

0P

F : el 2P3(a; — Q12(011 + 023) — Q11033) — Qua(013Py + 053P,) + 4a1,P5 + 2a1,P3(PE + PZ) +

2P a2P 0°P,
6611111)3!,5 + 2(1112133(1314 + 2P32P12 +P§ + 2P22P32) + 251123}33}312}32 — 911 ax3 944( 23 ax';) -



60'33

+ Flz (60'11 + 60'33) + F44 (60'13 + 60'23) — E3

9%p 0%P

! 1 ! 2

A S 2 L F
(gaa + 912) 9xadxs (gaa + 912) %207, + Fiq P ox:. T o,

6X3

(A.4c)

The Khalatnikov coefficient T" determines the relaxation time of the polarization tx = I' /||, which
typically varies in the range (10° — 10°) seconds for temperatures far from Tc. As argued by Hlinka et
al. [®], it is reasonable to assume that g3, = —g15.

The boundary condition for polarization at the core-shell interface r = R accounts for the

flexoelectric effect:
6Pk

(agS)Pi + Gijri o Fklijokl) nj| R =0 (A.5)
r=

where n is the outer normal to the surface, i=1, 2, 3.

Elastic stresses satisfy the equation of mechanical equilibrium in the nanoparticle and its shell,

%9 o, 0<r<R+A4R. (A.62)

an

Equations of state follow from the variation of the energy (A.2e) with respect to elastic stress, % =
ij

—uij, namely:
op
Sijk0ij + Qijr PP + Fijkla_x; =-u;, 0<7r<R, (A.6b)
Sigjklo-ij = —ul-j, R<r<R+A4R ) (A6b)

where w;; is the strain tensor. We will assume that sfjkl ~ s;j for a "soft” shell. Elastic boundary

conditions at the particle core-shell interface r = R + AR are the continuity of the elastic displacement
vector and normal stresses.
Below we consider a tunable shell of paraelectric strontium titanate (SrTiOs), which has an

isotropic and strongly temperature-dependent dielectric permittivity, ef]- = §;j¢&, with the following

L TcEE) Tq(E) -1

with the Curie-Weiss parameter ot =0.75x10° m/(F K) and characteristic temperatures TO(E) =30 K and

expression

Tq(E) =54 K [7]. It should be noted that &,(T) ~3000 at T=50 K and &,(T) ~300 at T=298 K allow the

spontaneous polarization of the ferroelectric core to be effectively screened by the tunable shell at room

and lower temperatures.

Table Al. LGD coefficients and other material parameters of a BaTiOs core covered with a SrTiOs shell

Coefficient Numerical value




€bse er=1 (core background), &s=300 (SrTiOs shell at 298 K),  &=10 (surrounding)

ai (C?mJ) a;=3.34(T—-381)x10°, (a1= —2.94x107 at 298°K)

aj (C*m®J) a= 4.69(T-393)x10%-2.02x108, a;,= 3.230x 108,
(at 298°K ay;= —6.71x108, az,= 3.23x108)

aijk (C*-m°J) a11= —5.52(T—393)x107+2.76x10°, a11,=4.47x10°, a123=4.91x10°
(at 298°K ap11= 82.8x108, a11,=44.7x108, a1,3=49.1x10%)

Qij (C'Z'm4) Q11:O.11, Q12: —0.043, Q44:0.059

sij (x102Pa) $11=8.3, S12= —2.7, $14=9.24

Oij (XlO’lOC'zma‘J) 011=1.0, g12= (0.2 — +0.3), gsa= 0.2

Fij (x1011Ctm?3) F11= +2.46, F1o=0.48, F4=0.05

R4 (nm) >100 nm (shell screening radius)

APPENDIX B
Without electrostriction and flexoelectric coupling the explicit expressions of Landau and
gradient energy densities have the form:
Jrandau = @1(P{ + P§ + P§) + a1 (P + Py + P) + ayp (PP P + PEPS + P7P3) +
a111(PY + P3 + P9) + a11,[PL(Py + PY) + P (Pt + Pg) + P3(Py + P1)] + aq23P PP (B.1a)

gljkl 6P aPk

Ygraa = 2 ax] ax,’ (B.lb)

The three coupled time-dependent Euler-Lagrange equations (A.4) for the polarization components

without electrostriction and flexoelectric coupling are:

ap1

I—+2a,P + 4a,, P2 + 2a,,P, (P2 + P2) + 6a,,, P} + 2a,1,P, (P4 + 2P2P2 + P} + 2P2P2) +

2 9%P; 9%py | 9%Py) _
2a,23P1 P3P3 — g11— ox? Gaa (ax§ + axé) =E; (B.2q)

0 P2

'—+2a,P, + 4a11P2 + 2a,,P,(P% + ) + 6a111P2 + 2a,1,P, (Pt + 2P2P? + P3 + 2P2 Ps 2) +

%P,

2P a2p
2a,23P,PEPZ — g11—= o2 944( 22 + axz) E, (B.2b)

0 P3

'—+2a,P; + 4a11P3 + 2a,,P;(PZ + P}) + 6a111P3 + 2a,1,P;(PF + 2P3 P? + Py + 2P} Ps 2) +

a2p a2p a2p.
— 911 axs 944( 23 + W;) = E3 (B.2¢c)

For a vortex polarization without a kernel in the form of prolate ellipsoid, where the longer axis

2“123P3P12P22

of the ellipsoid is directed along [001], the component P; = 0, and the condition P = E = 0 is consistent

with E = 0 inside the vortex. In a static case the remaining two equations are:

92 P1 a%p; | 9%p;
2a,P; + 4’“11P1 + 2a12P1P2 + 6a111P1 + 2611121)1(})2 + 2P1 Pz) 91132 ~ Gaa ( + ) =0

dx2
(B.3a)

0%P, azpz)
=0
AL (ax% + dx2

(B.3b)



The nonlinear coupled equations (B.3) can be solved numerically for specific boundary conditions:

[ (S)P t Gijki 5 0Py n]” =0, (without summation on "i" in the first term) (B.4a)

where the explicit form is:

=0, (B.4b)

r=R

) (i} (i} (i [dic} )
(a1 P+ 911 ox, 1 + gaa ox, 2 + gaa ox, 13 + Jaa ox, 12

=0. (B.4c)

S 0P, aop, ap, dP.
( ¢ )Pz + 911 a_nz + 9446_711 + 9446_713 +g44a_1n1) .
r=

The integral of motion of the system (B.4) is g,anaau — 9graa = const.

An analytical solution of the nonlinear system (B.3) is possible in several cases for very specific
boundary conditions, but not for more general conditions (B.4). Below we consider a hypothetical
situation of the stress-free system with two-component polarizations, P, (x3) and P, (x3), consistent with
the absence of a depolarization field.

Case I. Static one-component and one-dimensional partial solution. If only one component of
the polarization is position dependent, and the other components are zero, the one-dimensional profile
of the uncharged domain wall is given by expression

Pz(x3) — Ps-tanh[(x3—xq)/R]

\/n~sech2 [(x3—x0)/Rc]+1’

Py (x3) =0, (B.5a)

where Ps is the spontaneous polarization, x5 — x, is the distance from center of the domain wall plane,

and 2 Rc is the domain wall width [8]. For second-order ferroelectrics P? = —a,/(2a,;) and n = 0,

while for first-order ferroelectrics PZ = (\/allz—4a1a111—a11)/2a111 and the dimensionless

parameter n = 2(a, + a1 P?)/(4a, + a,,PZ) is positive. The correlation length is R, =

\Vgaa/(as + 3a41P? + 5a,1,P}). The expression (B.5a) describes a 180-degree Ising-type uncharged
domain wall (see Fig. B1). Since sech?[x] = 1 — tanh?[x], it can be more convenient to expand
Eq.(B.5a) in series of tanh[(x; — x,)/R] near the wall plane.

The solution (B.5) should fulfill the boundary condition (B.4a), which acquires the form:

( (S)P1 + 944&713)

As one can see the boundary condition (B.5b) is incompatible with the solution (B.5a) at the spherical

= 0. (B.5b)

=R

) =0, x| <

surface r=R. However, a rather small incompatibility corresponds to the specific case a;
R and R » R, since sech?[(R — x,)/R.] « 1 for this case. Allowing for R, to be of the order of a
lattice constant, considering that the core radius should be not less than (10 — 20) lattice constants for
the applicability of continuous LGD approach, the solution (B.5a) can be regarded as a relevant trial

function for the case a(s) = 0.
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FIGURE BL. Profile of the polarization component P, / P across the domain wall, given by Eq.(B.5) for different

values of n=0 (black curve), 1 (blue curve), 10 (magenta curve), 10 (red curve), and 10° (dashed curve).

Case 1. Static two-component and one-dimensional partial solution. For ferroelectrics with a second
order phase transition (a;; > 0and a;;; = a1, = 0), the one-dimensional profile of uncharged domain

walls satisfies Eqgs.(B.3), which can be simplified as follows:

a%p

2a1P1 + 4'a11P13 + 2a12P1P22 - '944@ = 0, (BGa)
92P

2a1P2 + 4‘a11P23 + Zalzpzplz - g44_?§2 = O . (BGb)

For the specific case a;, = 6a,4, the partial solution of Eqgs.(B.6) is [*]:

Pg-sinh[Rg/R.]

_ b X3—Xa X3—Xp|) —
Pi(xs) = 2 (tanh [ \/ERC] + tanh [ V2R, ]) " cosh[Rg/Rcl+cosh[(x3—x0)/Rc]’ (B.73)
_Ps X3—Xa| _ X3=%p|\ — Pg-sinh[(x3—xo)/Rc]
P, (X3) T2 (tanh [ \/ERC] tanh [ V2R, ) " cosh[Rg/Rcl+cosh[(x3—x¢)/R:]’ (B'7b)

where Ps = \/—a,/(2a,,) is the spontaneous polarization (a, < 0, x3 — x, is the distance from the

center of the domain wall plane, the correlation length is R, = /—g44/(2ay), and Ry~ (x4 — x,) is an
arbitrary constant. For the particular case R, =0, we obtain P;(x3) =0 and P,(x3) =
Pstanh[(x; — xy)/R.]. For a nonzero R, the profile (B.7) is an uncharged Ising-Bloch type domain
wall (two “rotational” 180-degree c-domains separated by an a-domain, see Fig. B2). The wall energy
is Ro-independent [9].

Note that the boundary condition (B.5) imposed at the spherical surface r=R weakly affects the
solution (B.7) for the specific case ags) =0, |xo| € Rand R >» R.. Assuming that these inequalities are
valid, the solution (B.7) can be considered as a relevant trial function.

For the three-component solution the sum of three (or more) tanh-functions can be used as a trial

function.
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FIGURE B2. Profile of polarization components, P; /P (blue curves) and P, /Ps (red curves), across the domain
wall, given by Eq. (B.7) for different values of R,/R.=0.5 (solid curves), 1 (dashed curves) and 5 (dotted curves).

The static solution of the nonlinear coupled Egs. (B.3) can be found by a variational principle.
Since both partial solutions (B.5) and (B.7) are expressed via hyperbolic functions, and because Figures
B1 and B2 look very similar for P, profiles, we use hyperbolic functions as the basis for the serial

expansion of the trial functions:

-b;(y,0)
Pe(r,¥,6) = X7, a;(¥, 6)tanh (rRi(wl.I;) )’

The trial functions should be substituted into the energy (B.1b-c), integrated over the particle volume,

k=10,1. (B.8)

and minimized in order to determine the unknown coefficients.

2%) __1 (apw
or rsinf \ oy

obtain that the first-order harmonic correction to Py, (1) is proportional to sin(6)cos(4y).

d(Pgsind)

Since the equality rizaa_r (r T

) should be valid for P(r,y) = 0, we

Table BI. Fitting parameters for the polarization components of the initial vortex at 8 = /2

Py Y a, by Ry a b, R, as bs R3
(C/m?) | (nm) | (nm) | (C/m?) | (nm) | (nm) | (C/m?) | (nm) | (nm)
P. 0, /4 0 N/A | N/A 0 N/A N/A 0 N/A N/A
P. |m/8,3m/8| 0.033 | 1.10 | 1.90 0.011 0.90 0.51 2.322 3.94 | 342.6
Py 0 0.296 0 0.75 | -0.035 | -1.93 | 6,69 0 N/A N/A
Py |m/8,3m/8 | 0.275 0 0.73 0.009 8.71 2.86 0 N/A N/A
Py /4 0.290 0 0.85 0.028 3.89 248 | -0.029 | 1.19 | 0.84
Py N/A 0 N/A | N/A 0 N/A N/A 0 N/A N/A

*N/A - non-applicable




Table BII. Fitting parameters for the polarization components of the final vortex at 6 = /2

PO( l/) bl Rl bZ RZ b3 R3

a, a, as
(C/m?) | (nm) | (nm) | (C/m?) | (nm) | (nm) | (C/m?) | (nm) | (nm)

P, 0, /4 0 N/A | N/A 0 N/A | N/A 0 N/A | N/A

P |m/8,3m/8|-0.125| 512 | 16.83 | 0.039 1.25 | 0.69 0 N/A | N/A

Py, 0 0.183 | 096 | 0.81 0.274 |-0.83| 0.71 |-0.192 | -0.82 | 2.00

Py, |m/8,3m/8| 0257 | -7.36 | 7.10 0238 | 0.79 | 1.09 |-0.216 | -0.58 | 2.33

Py, /4 0.125 | 091 | 1.07 0.174 |-3.69 | 6.73 0 N/A | N/A

Py 0 0.150 | 1.65 | 093 | -0.140 |-2.39 | 1.72 0 N/A | N/A

Py |m/8,3m/8| 0150 | 1.75 | 0.98 | -0.139 |-1.48 | 1.73 0 N/A | N/A

Py /4 0.146 | 1.88 | 1.02 | -0.138 |-2.75| 1.83 0 N/A | N/A

*N/A - non-applicable

APPENDIX C
Note that it is easy to check that P = fV PdV =0, if divP =0 and P, = 0 at the particle surface.

Actually Pc = [ (cP)dV, where ¢ = grad(rc) is an arbitrary constant vector. Then Pgrad(rc) =
div((rc)P) — (rc) divP = div((rc)P) and so Pc = [(rc)P,dS = 0. Since vector ¢ is arbitrary, the

equality Pc = 0 leadsto P = 0.

C.1. Torgue Calculation
The torque M acting on a particle in a constant homogeneous field E€*t is equal to
M = —[E®t x [ P(r)d®r]. (C.1)
It is easy to check that fVP (r)d3r = 0 for the “empty” vortex without a kernel, and therefore M = 0

for any “true” vortex polarization distribution. Unlike an empty vortex, the vortex with a kernel oriented

3T

along z-axis has a non-zero component of the total dipole moment, e.g. B, = e

J, B.()d*r. Thus M =

ZR3(Eg*te, — Eg*te, )P,



C.2. Electric Field and Force Calculations

C.2.1. Homogeneously polarized core-shell nanoparticle in a homogeneous external field

Let us consider a core-shell nanoparticle with a homogeneously polarized core of radius R, where the
polarization P is pointing along the z-axis. The core, shell, and external effective medium are dielectrics.

Thus, the electrostatic potential satisfies the Laplace equation in all of the regions:
Ap, =0, Ap, =0 Apr =0, (C.2)

where the subscripts “f”, “s”, and “e” denote the physical quantities related to the ferroelectric core,

shell, and external media, respectively. The electric field and displacement vectors are:
Ef,s,e = _V(pf,s,ea Df = SOEfEf +e,Ps, Ds,e = EOES,eES,E' (C.3)

Here e, is the unit vector along the axis z. The potential corresponds to a homogeneous electric field
e, zE®*t very far away from the particle. The potential and radial displacement are continuous functions
at all interfaces:
(pr =9l _,=0 e -(D;=Dg)| _. =0, (C.4a)
(@s — @e)lr=psar =0, €, (Ds —D,)lr=psar = 0. (C.4b)
Let us switch coordinate systems from Cartesian to spherical coordinates, with the polar axis along the
z axis. It is natural to assume that the electrostatic field does not depend on the azimuthal coordinate 1,

so the general solution is

@r = —Efrcos, @; = —Esrcost + Bsci—ze, Y. = B, Cize — rcosOE®*t . (C.5)

The radial components of the electric displacement are
e,.Df = go&rEf cost + Pscosf, e,.D; = gy&5 cosO (ES + % ), (C.6a)
e, D, =¢ge, ( 2“;—29 B, + cosHEext). (C.6b)

Substitution of the solution (C.6) into the boundary conditions (C.4) gives a system of linear equations
for the unknown coefficients E ; and Bg .. Using their values yields the following expressions:

_ 9(R+A4R)3g0ecesEC¥E—[2R3 (e5—£,) +(R+AR)3 (260 +£5) | Ps

Ey = 80(2R3(se—ss)(ss—sf)+(R+AR)3(Zse+ss)(£f+2£5)) (C.73)

E, = 3(R+AR)3goeo(285+£f)EC* —2R3 (£5—£0)Ps ’ (C.7b)
80(2R3(se—ss)(ss—sf)+(R+AR)3(2£e+£5)(£f+2£5))

_ R3(R+AR)3[(2€0+£5)Ps+3eo (e —5) XY ’ (C.7¢)
80(2R3(se—ss)(ss—sf)+(R+AR)3(2£e+£5)(£f+2£5))

B, = 3R3*(R+A4R)*Pgses+(R+AR)3[R3(e5—£5) (265+£0)—(0—£5) (2€5+£p) (R+AR) 3| ECXE (C.7d)

eo(2R3(se—ss)(es—sf)+(R+AR)3(2£e+es)(£f+2£s))
From Eq.(C.7), the electric field inside of the particle core is homogeneous and equal to

10



_ —[2R3(e5—€e)+(R+AR)3 (2e+£5)|Pse, n 9(R+4R)3e,e4E*te,
- 80(2R3(se—ss)(ss—sf)+(R+AR)3(2£e+ss)(£f+zes)) 2R3 (ge—&5)(es—&f)+(R+AR)3 (2€0+65) (g5 +2¢5)

(C.8)

Let us set E¢*¢ = 0. Outside the core-shell particle the potential and electric field created by the

particle is inhomogeneous and has the form of a point dipole field:

— _PrT
<pe - 47'[808@7'3’ (C.ga)
with an effective dipole moment
12mPsR3(R+AR)3gge e,

(C.9b)

Pr= 2R3 (£0—&5)(es—€f)H(RHAR)3 (2ec+e5) (£ +265)
If the shell is very thin (AR «< R) or absent (AR = 0) the denominator in EQ.(C.9b) is equal to
2(g, — &) (&5 — & )R® + (2¢, + &) (&7 + 2&5)R® = 3&5(2¢, + & )R® and so

4me,

P = PgR3e,. (C.9c)

T 2ee+ef

C.2.2. Homogeneously polarized core-shell nanoparticle in a point charge field

Next let us consider the case when an inhomogeneous external field is produced by a charged tip (see
Fig. 1c). For this case the effective point charge model is applicable, and the effective charge is Q =
C:U, where C; is the capacity, U is the voltage applied to the tip, and h = {0,0, h} is the charge location.

For this case the electrostatic potential satisfies the Laplace equation in all of the regions, except

for the point charge location:

A, = —L-5(r — h), Ags =0 Ag; = 0. (C.10)

€o€e

The electric field, displacement vectors, and boundary conditions are given by Egs.(C.3) and (C.4),
respectively. Using the same spherical coordinates as in subsection C.2.1, the general solution for the

electrostatic potential is:

@f = —Efrcos + Yp_o Apr" Ly (cos6), 0<r<R, (C.11)
Qs = (f—j - Esr) cosO + Y, [Bnr” +C, rn_1+1] L, (cosB), R<r <R+ 4R, (C.12)
6 o 1 Q"
Y. = B, C‘;‘Z + Yoo Fy an(COSQ) + PP —r r > R + AR. (C.13)
1 4"

where L,(t) = [(t? —1)™] are Legendre polynomials, which are orthogonal, and

2! dx™
fon L, (cosB)L,,(cosB)sinfdb = 2%’:. The potential is independent on the azimuthal coordinate .

The constants E; ; and By ., which are proportional to Ps, are given by Egs.(C.7) at E€** = 0:

_ —[2R3(e5—€¢)+(R+4R)3 (22 +£5)|Ps
r 20(2R3(se—ss)(ss—sf)+(R+AR)3(Zse+£s)(sf+2£s))’

(C.14a)

11



E, = 2R (e ee)Ps (C.14b)

€0 (2R3 (ge—&5)(es—£f)+(R+4R)3 (Zse+ss)(sf+2£s))’

_ R3(R+A4R)3(2e,+€5)Ps
By = 80(2R3(Se—ss)(es—ef)+(R+AR)3(2£e+es)(ef+2£s))’ (C.14c)
3 3
Be — 3R>(R+4R)3Pgsg . (C14d)

so(2R3(se—ss)(ss—sf)+(R+AR)3(Zee+es)(€f+285))

Using that
Zf:oh,:—:an(cosH) at r < h,

Q* Q"
= C.15a)
- h" (
4meotelr=h]  4meoce Y=o ey L,(cosB) at r > h,

the radial components of the electric displacement are:
Dy, = eo&pEfpcosO — g9€f Ypaq Aynr™ L, (cos0), (C.15b)

D, = gy&g (—2 % + Es) cosO — gye5 Y, (Bnnr"_1 - C, rnH) n(cos@), (C.15c)

cos6 Q* mnrnt n+1
D, = 2&4€.B, e—5 — €ofe I 0( —F

4mege, hMH1 n n+2

) Lu(cos6). (C.15d)

After the substitution of expressions (C-11)-(C.15) to the boundary conditions (C.4) and cumbersome
algebraic transformations we obtain

_ o (1+2n)2(1+4)1+2ngg
An - 41t n(1+n)(£f_85)(£$_ge)+(1+A)1+2n(€e(1+n)+nss)(n£f+(1+n)£s)’ (ClGa)
_ (1+2n) A+ nep+(14n) &) C.16b
™ ameohtt n(1+4n) (gp—es)(es—ee) +(1+4) 1421 (g0 (1+n) +nes) (nep+(1+n)es) (C.16b)
_ Q'R n(1+2n)(es—ef)(1+4)1+20
Cn - 4Eggh1tn n(l"'")(gf‘ES)(Es—Ee)+(1+A)1+2"(Se(1+n)+nss)(n£f+(1+n)gs)’ (ClGC)
_ Q'R n(1+A)1+2n[(1+A)1+2n(Ee_85)(n€f+(1+n)€s)+(€s—€f)(n€e+(1+n)€5)] (C 16d)

N7 gmgeyhltn n(1+n)(ef—¢s) (€5—e) +(1+A) 121 (g0 (141) +neg) (nep+(1+n)gs)
where 4 = %Rand Co=F,=0.

C.2.3. Interaction of polarized core-shell nanoparticle with a point charge

Let us consider the interaction of the polarized core-shell particle with the point charge Q”,

localized at the point with coordinate » = h. The corresponding interaction energy is

_ * l * _ Q* (pf-h) Q*2 00 R
= (00p+30°00)| _ =B + oy s Fla(cos®)| . (C17)
Finally, the generalized electrostatic force acting on a point charge is
_ a_W _ Q* . ) L Q . R1+2n E
F - dh - 47T$0$eh3 [pf 3(pf h) h2 4meg (Zn 0 n3+2n G‘n) n (C.lga)

We used the identity L,,(1) = 1 in the last term of Eq.(C.18a). The dipole moment,

12



12mPsR3(1+A)3g¢ee,

Pr= 2(ee—e5) (es—£p)+(1+A)3 (2ec+e5) (e +265) (C.18c)
The coefficient G,, is given by the expression
G, = n(1+n)(1+4) 2 [(1+4) 12 (g0 —g5) (nep+(14+n)g5) +(e5—£f) (nEe+(14+n)g5) | (C.18¢)

n(1+n)(ef—&s) (€5—0) +(1+A) 121 (e (1+n) +neg) (nefp+(141) g5)

Further let us consider the rotated nanoparticle, which is far enough from the tip apex located at
the point {0,0, h}. For this case h > R + AR, and so only the first term (n=1) is significant in
Eq.(C.18c).In this case the force components acquire a much simpler form

-Q'py Q**R3 (1+1)3[(1+0)3(go—¢5) (e +285)+(e5—f) (€c+265) |
2megeeh®  2meoh®  2(gp—g5)(es—e0)+(1+A)3 (280 +85) (5 +2¢5)

L . Fp ~ P24, (C.19)

41EQELN3

By virtue of Newton’s third law the same force, but with opposite sign, should act on the core-shell

particle.

APPENDIX D

The action of a Hadamard matrix H = %(11_11) on a vector state |A) = (x,y) is the following: the

matrix action rotates the vector by 45 degrees and provides a mirror reflection with respect to the y axis.
1000

The action of a CNOT matrix Ucyor = 8(1)82 leaves the upper block unchanged, and the bottom
0010

block becomes rotated by 90 degrees with a mirror reflection with respect to axis y. CNOT application
on basis vectors leads to |AA) —» |AA), |AB) - |AB), |BA) - |AB) and |BB) — |BA).
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