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We investigate numerically the lattice orientation of cholesteric blue phases in contact with surfaces enforcing
unidirectional planar anchoring. Our study is based on the Landau-de Gennes continuum theory in which the
orientational order of the liquid crystal is described by a second-rank tensor. We particularly focus on blue phase
I (BP I) with its (110) plane parallel to the surfaces, and blue phase II (BP II) with its (100) plane parallel to
the surfaces. In the former case, the angle between the direction of unidirectional anchoring and the [110] axis
of the BP I lattice is �38.5◦, insensitive to the anchoring strength, and consistent with the experimental finding
for a cooling process [Takahashi et al., J. Phys. D 51, 104003 (2018)]. In the latter case, the [100] axis of the
BP II lattice makes an angle of 45.0◦ with the direction of unidirectional anchoring. Unidirectional anchoring of
strength on the order of 1 × 10−5 J m−2 is sufficient enough to lock the orientation of the blue phase lattice.
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I. INTRODUCTION

Cholesteric blue phases are complex three-dimensional
ordered structures exhibited by chiral liquid crystals [1–4].
Three thermodynamically stable cholesteric blue phases are
known and two of them possess cubic symmetry: the symme-
try of BP I is body-centered-cubic with space group I4132,
and that of BP II is simple cubic with space group P4232 (a
third BP III is believed to be amorphous [5]). Cholesteric blue
phases comprise orientation structures known as double-twist
cylinders, interwoven with a network array of topological line
defects (disclination lines). In a double-twist cylinder, the ori-
entational order is twisted along all directions perpendicular
to a cylinder axis, and the local free energy density around
the cylinder axis is smaller than that of a single twist of
cholesteric helix. However, it is impossible to fill the whole
space retaining this lower free energy density [2,3]. Therefore
introduction of disclination lines is inevitable as a result of
frustration. Cholesteric blue phases have thus intrigued scien-
tists as an interesting example of frustration-induced ordered
phases.

Recent attention to cholesteric blue phases has been more
application-oriented since the discovery of stable blue phases
in a wide temperature range [6,7]. Their fast response to
an applied electric field initiated studies towards display ap-
plications [8,9] and their structures with periodicity on the
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order of the wavelength of visible light motivated photonics
applications [10–12]. For many practical applications, control
of the lattice orientation of blue phases is inevitable, and
surface anchoring plays a crucial role in obtaining blue phases
with well-defined lattice orientation. Nanopatterned substrates
have been shown to successfully orient cholesteric blue phase
lattices [13,14], and simple rubbed surfaces have been ex-
ploited to make monodomain cholesteric blue phases in a
large area [15–17]. We also note that surface anchoring can
lead to more exotic structures including Skyrmions when blue
phase liquid crystals are strongly confined spatially [18–24].
It is intuitively understandable that surface nanopatterning
[13,14,24] is beneficial to the well-defined lattice orientation
of blue phases when the periodicity of the patterning is com-
mensurate with the lattice constants of blue phases. However,
how simple surface anchoring such as planar, planar degener-
ate and homeotropic anchoring affects the lattice orientation
of blue phases is not fully understood.

Here we investigate how the lattice orientation of
cholesteric blue phases is influenced by planar surface
anchoring with preferred direction (unidirectional surface an-
choring). Our study is motivated by a recent experimental
study [25] showing that the [110] axis of BP I with its (110)
plane parallel to the confining surfaces enforcing unidirec-
tional anchoring makes an angle of �35◦ or 55◦ with the
easy axis of the anchoring, depending on the thermal pro-
cess for the preparation of BP I. The origin of these specific
lattice orientations was, however, unclear. We calculate the
free energy of cholesteric blue phases in contact with con-
fining surfaces enforcing unidirectional anchoring, with the
aid of the Landau-de Gennes theory describing the orienta-
tional order by a second-rank tensor. We particularly focus
on the behavior of BP I whose (110) plane is parallel to the
confining surfaces (denoted by BP I(110) below), and that of
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BP II whose (100) plane is parallel to the confining surfaces
(denoted by BP II(100)). The (110) orientation of BP I and
the (100) orientation of BP II have indeed been observed in
previous experiments [25–28].

In Sec. II, we describe the procedures for the calculation of
the free energy of the cholesteric blue phases. The results for
BP I(110) and BP II(100) are presented in Secs. III A and III B,
respectively. Section Conclusions concludes this paper.

II. NUMERICAL CALCULATION

We employ the Landau-de Gennes theory describing the
orientational order of the liquid crystal by a second rank
symmetric and traceless tensor χi j . The spatial profile χi j is
calculated by minimizing the free energy functional of the
liquid crystal. The details of the numerical calculation is pre-
sented in our previous work [20–23,29,30] and in Appendices
A and B. Thus we show here the essential part of the present
calculation.

A. Free energy

The free energy functional of the liquid crystal is the sum
of the contributions from the bulk and the surfaces, respec-
tively, that reads

F =
∫

dxdy
∫ L

0
dz [ϕlocal(χ ) + ϕelastic(χ,∇ )]

+
∫

dxdy [ϕs0(χ ) + ϕsL(χ )]. (1)

Here the surface normal is taken along the z direction, and L
is the thickness of the liquid crystal. ϕlocal(χ ) + ϕelastic(χ,∇ )
is the free energy density in the bulk, and fs0(χ ) and fsL(χ )
are the surface free energy density at the bottom (z = 0) and
the top (z = L) surfaces, respectively. We rescale the free
energy, order parameter, length, and the material parameters
as described in Appendix A and also in our previous work
[22,23,29], and the resulting local bulk free energy density
reads

ϕlocal(χ ) = τ Trχ2 −
√

6 Trχ3 + (Trχ2)2, (2)

where τ is the reduced temperature, and for τ < 0 the
isotropic phase with χ = 0 becomes unstable. The elastic free
energy density is

ϕelastic(χ,∇ ) = κ2{[(∇ × χ )i j + χi j]
2 + η[(∇ · χ ) j]

2}, (3)

where κ concerns the strength of chirality inversely propor-
tional to cholesteric pitch p [3,23,29], and η is the anisotropy
of elasticity taken to be 1 in this study (so-called one-constant
approximation). The length is rescaled so that the rescaled
cholesteric pitch is equal to 4π [3,23,29]. Therefore the
cholesteric pitch does not appear explicitly in Eq. (3).

The surface free energy density ϕs is taken to be the sum of
the planar-degenerate part ϕpd and the planar (unidirectional)
part ϕud:

ϕpd(χ ) = 1
2w1Tr(χ̃ − χ̃⊥)2 + 1

2w2
(
Trχ̃2 − χ2

s

)2
, (4)

ϕud(χ ) = 1
2wudTr(χ − χ0)2. (5)

Equation (4) has been proposed in Ref. [31], and commonly
used for the modeling of planar degenerate anchoring. A
scalar χs defines the strength of orientational order at the sur-
face, taken to be 0.994 that minimizes ϕlocal at τ = −0.1. (As
mentioned below, in all the calculations we set τ = −0.1.) We
have also introduced the symbols χ̃i j ≡ χi j + (1/3)χsδi j and
χ̃⊥

i j ≡ Pikχ̃klPl j with Pl j = δl j − δlzδ jz being the projection
operator onto the surface (xy plane). In Eq. (5), χ0 is the order
parameter preferred by the surface, and its explicit form is

χ0i j = χs(νiν j − (1/3)δi j ), (6)

where ν, which is taken to be parallel to the xy plane in this
study, defines the direction of the liquid crystal imposed by
the surface anchoring. In the following, the axis parallel to
the direction of unidirectional anchoring ν is referred to as
“easy axis.” Note that pretilt, which was almost negligible in
the previous experiment [25], is not taken into account in our
study. The rescaled anchoring strengths, w1, w2, and wud are
inversely proportional to the cholesteric pitch [23,29], as κ

is. Therefore w1,2,ud/κ is independent of the cholesteric pitch
(see below).

We are interested in the behavior of blue phases in contact
with unidirectionally orienting surface. Nevertheless we in-
clude also the planar degenerate contribution in the surface
energy. One reason is that we are interested in how unidi-
rectional anchoring affects the structures of blue phases in
contact with surfaces enforcing planar degenerate anchoring,
which is realized by clean glass substrates and whose effect
has been investigated in our previous studies [23,30]. Another
reason is that with ϕud alone, in-plane and out-of-plane rota-
tion of the director (unit vector describing the direction of the
average liquid crystal ordering) from the preferred direction ν

cannot be distinguished in terms of free energy, while steric
effect is likely to hinder out-of-plane rotation more strongly.

B. Parameters

In all the calculations, the reduced temperature is taken to
be τ = −0.1 (
τ = 1 corresponds to the temperature varia-
tion of �1 K). For BP I and BP II cases, we choose κ = 0.4
and 0.7, respectively. In a separate calculation of the bulk free
energy using the numerical scheme in Ref. [32], we confirmed
that BP I and BP II are thermodynamically stable bulk phases
for the above respective choices of (τ, κ ). The (unrescaled)
cholesteric pitch is p ∼ 280 [21,23] and ∼160 nm [22,29] for
κ = 0.4 and 0.7, respectively.

For the planar degenerate part of the surface anchor-
ing energy, we set w1/κ = w2/κ = 0.25 (as mentioned
above, w1,2/κ is independent of the cholesteric pitch and
thus κ). This choice corresponds to unrescaled anchoring
strength ∼7 × 10−5 J m−2 [23]. For the unidirectional part,
we choose wud/κ = 0.025, 0.0625 and 0.125. The choices
wud/κ = 0.025 and 0.0625 correspond to unrescaled anchor-
ing strengths ∼7 × 10−6 and ∼17 × 10−6 J m−2, close to the
experimental values [25].

C. Calculation of the equilibrium profile

We obtain the equilibrium profile of the liquid crystal by
relaxing the system from the initial condition described below
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(a)

(b)

FIG. 1. The profiles of (a) BPIthin− and (b) BPIthin+. Left column shows the orientational order at the top surface. Middle and right
columns show disclination lines viewed from the top (+z), and the side (−y), respectively. The orientational order, or the director n, is
presented by short rods, whose color ranges from blue when n is parallel to the confining surfaces (xy plane), via green at intermediate angles
between n and the surface normal, to magenta when n is perpendicular. See Appendix C for the details of the visualization. In the middle
column, disclination lines parallel and closest to the top surface (z = L) are highlighted by blue lines. The thickness of the liquid crystal L is
(a) 12.8 = 1.02p and (b) 12.4 = 0.99p, where p is the cholesteric pitch (= 4π after rescaling). The +x, +y, and +z directions correspond to
[110], [001], and [110], respectively.

through a simple relaxational equation as in our previous
study [20–23,29]:

∂

∂t
χ (r, t ) = −

[
δF

δχ (r)

]
s

, (7)

where [δF/δχ (r)]s is the symmetric and traceless part of the
functional derivative of the free energy. The shape and the
size of the unit cell in the xy plane are also relaxed using the
procedures described in Appendix B, and also in Ref. [32].
In the course of the relaxation of the unit cell shape, we fix
the direction of the in-plane lattice vectors to the x and y
directions to fix the in-plane lattice orientation of the blue
phases (in Ref. [32] the direction of the lattice vectors is
allowed to vary).

As the initial conditions for BP I(110), we use the profiles
shown in Figs. 1 and 2 (see Appendix C for the visualiza-
tion). The structures in Figs. 1(a) and 1(b) contain two arrays
of disclination lines parallel to the confining surfaces, while
those in Figs. 2(a) and 2(b) contain three. Figures 1(b) and
2(a) have been obtained in our previous studies concerning
the structures of a cholesteric blue phase under planar degen-
erate anchoring [23,30]. Figure 1(a) was not obtained in our
previous calculations and is relaxed from a structure sliced
from bulk BP I. The free energy of the structure shown in
Fig. 1(a) is slightly smaller than that in Fig. 1(b), and hence
Fig. 1(b) is a metastable state. Figures 1(a) and 1(b) are the
only stable or metastable structures we have found that con-
tain two parallel arrays of disclination lines; overall shift of

(a)

(b)

FIG. 2. The profiles of (a) BPIthick− and (b) BPIthick+ shown in the same manner as in Fig. 1. The thickness of the liquid crystal L is
16.9 = 1.34p.
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(b)

(a)

FIG. 3. The profiles of (a) BPIIthin and (b) BPIIthick. Leftmost column shows the orientational order at the top surface. Second, third, and
rightmost columns show disclination lines viewed from the top (+z), the side (−y), and the bottom (−z), respectively. The orientational order
and the disclination lines are presented in the same manner as in Figs. 1 and 2. The thickness of the liquid crystal L is (a) 11.4 = 0.91p and
(b) 15.0 = 1.19p. The +x, +y, and +z directions correspond to [100], [010], and [001], respectively.

disclination lines in the z direction would relax to either of the
structures shown in Fig. 1(a) or 1(b). Figure 2(b) is the same
as Fig. 2(a) rotated about the x axis by 180◦. The structures
in Figs. 1(a) and 1(b) are distinguished by the direction of the
disclination lines parallel and closer to the top surface (z = L).
In the following we will refer to the structures in Figs. 1(a) and
1(b) as “BPIthin−,” “BPIthin+,” and those in Figs. 2(a) and
2(b)“BPIthick−” and “BPIthick+,” respectively. We note that
here “thick” just means that “BPIthick−” and “BPIthick+”
are thicker than “BPIthin+” and “BPIthin−,” not that they
are thick enough to be regarded as bulk.

The initial conditions for the (100) orientation of BP II are
shown in Figs. 3(a) and 3(b), generated by relaxing a structure
sliced from bulk BP II. The difference between Figs. 3(a) and
3(b) is the thickness and the number of unit cells in the thick-
ness (z) direction, and the orientation and disclination profiles
at the top surface are almost indistinguishable. The structures
in (a) and (b) will be referred to as “BPIIthin” and “BPIIthick.”
Because of the presence of 42 screw axis [3], slicing the BP
II structure by planes half the lattice constant apart yields
the same structure at the slicing surface (after appropriate
in-plane rotation by 90◦). Therefore the distinction such as
that between BPIthin− and BPIthin+ need not be considered.

The thickness of the liquid crystal L for the initial condition
is chosen by minimizing F/S − fbulkL, where fbulk is the free
energy density of bulk BP I or BP II, and F/S is the free
energy of the liquid crystal per unit area (dependent on L)
[33]. This is why the thickness L of the structure in Fig. 1(a)
is slightly different from that in Fig. 1(b).

III. RESULTS AND DISCUSSIONS

A. BP I(110)

1. Effect of unidirectional surface anchoring

To evaluate the effect of unidirectional planar anchoring
on the free energy of BP I, we first calculate the equilibrium
profile when only the top surface imposes unidirectional pla-
nar anchoring, and the anchoring of the bottom surface is

planar-degenerate: ϕsL = ϕud + ϕpd and ϕs0 = ϕpd. In Fig. 4,
we show the free energy per unit surface, F = F/

∫
dxdy, as

a function of the direction of the easy axis, θ , for different
anchoring strengths wud. Here, θ is measured with respect to
the +x, or [110] direction, and hence cos θ = x̂ · ν [x̂ is the
unit vector along the +x direction, and ν is defined in Eq. (6)].
In Fig. 4, F is subtracted by its minimum value Fmin. As
mentioned in Sec. II C, fixing the lattice orientation of blue
phase structures allows systematic investigation of the effect
of the variation of θ ; otherwise the whole system can rotate to
the state with minimum free energy, irrespective of θ .

Figure 4 clearly indicates that the behavior of F for
BPIthin− and that for BPIthick− agree well with each
other, in particular around the minimum. The same holds for
BPIthin+ and BPIthick+. Hence we successfully extract the
information on the effect of surface unidirectional anchoring
independent of the thickness of the liquid crystal.

The values of θ for the minimum of F are summarized in
Table I. The direction of the easy axis is close to that of the
disclination lines parallel and close to the upper surface (see
Figs. 1 and 2). For weaker anchoring strengths wud/κ = 0.025
and 0.0625, the absolute values of θ for the minimum is lo-
cated in the range [36.1◦, 40.8◦]. In the previous experiments
[25], the lattice orientation of BP I(110) with respect to the
easy axis was θ � 35◦ and � 55◦ when BP I was prepared
by cooling process and heating process, respectively (note
that the sign of θ is meaningless because it changes sign
under the overall rotation of the system about the x or [110]
axis). Our finding looks consistent with the former, although

TABLE I. The values of θ in degrees for the minimum of F in
Fig. 4.

wud/κ BPIthin− BPIthick− BPIthin+ BPIthick+
0.025 −40.0 −40.8 36.1 36.3
0.0625 −36.1 −37.2 38.9 38.7
0.125 −30.5 −31.9 42.7 42.7
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FIG. 4. Free energy of the liquid crystal F as a function of the direction of the easy axis θ for [(a), (c), and (e)] BPIthin− (purple solid
line) and BPIthick− (green dashed line) and [(b), (d), and (f)] BPIthin+ (purple solid line) and BPIthick+ (green dashed line). Unidirectional
anchoring is imposed on only the top surface. The unidirectional anchoring strength is [(a) and (b)] wud/κ = 0.025, [(c) and (d)] 0.0625, and
[(e) and (f)] 0.125. The minima of F are highlighted by plus signs + (BPIthin + /−) or cross signs × (BPIthick + /−).

no local minimum around |θ | � 55◦ is present in our results.
This absence of local minimum will be discussed briefly in
Sec. III B 3.

Because of the absence of mirror symmetry, BPIthin/

thick− does not behave as the mirror image of
BPIthin/thick+ as is evident from Fig. 4 and Table I. The
difference becomes more pronounced for stronger surface
anchoring (wud/κ = 0.125).

We note that for wud/κ = 0.125, F (θ ) exhibits disconti-
nuity at θ � 28◦ in Fig. 4(e) and � −83◦ in Fig. 4(f). This
discontinuity arises from the difference in the structure of
the liquid crystal after relaxation. Investigation of possible
different branches of ordered structures might be interesting.
However, we are now interested in the condition for the mini-
mum of the free energy. Therefore in this work we do not go
into the details of different branches.

To see why the free energy is minimum at the particu-
lar value of |θ | � 38◦, we plot the orientation of the liquid
crystal at the top surface for BPIthick− and BPIthick+ in
Fig. 5. For this purpose, we define the director n by the
eigenvector of χ with the largest eigenvalue. For BPIthick−
[Fig. 5(a)], the direction of n with stronger orientational
order, indicated by thick green plus sign (+), is densely dis-
tributed around the direction of the easy axis ν, in agreement
with the intuition that n tends to be parallel to ν. Similar
behavior can be seen for BPIthick+ [Fig. 5(b)], although
the distribution of n exhibits a void around ν. Qualitative
difference is again clearly seen in the profile of surface ori-
entational order in BPIthick− and BPIthick+. In both cases,
n with stronger orientational order is close to ν. However,
because of the complex orientational order profile at the

surface (Figs. 1 and 2), there are not simple relations between
ν and n.

2. BP I sandwiched by two surfaces enforcing
unidirectional anchoring

Up to now we have discussed the free energy of BP I in
contact with one unidirectionally orienting surface (the other
imposes planar degenerate anchoring without any preferred
anchoring direction). In the experiments [25], both surfaces
imposed unidirectional anchoring of the same direction.

We have seen that the direction of a set of parallel disclina-
tion lines near a surface tends to be parallel to the direction of
the easy axis. Therefore it is likely that the parallel disclination
lines near the top surface are parallel to those near the bottom
surface. These sets of disclination lines in BPIthin + /− are
not parallel to each other, and leads to frustrations when in
contact with two surfaces with unidirectionally anchoring of
the same direction. Such frustrations are absent in BPIthick +
/−. Therefore we calculate the free energy of BPIthick+
sandwiched by two surfaces both imposing unidirectional
surface anchoring along the same direction specified by θ

(that is, ϕs0 = ϕsL = ϕpd + ϕud). Note again that BPIthick−
is the same as BPIthick+ rotated by 180◦ about the x axis.
The calculation results are shown in Fig. 6. The minimum
of the free energy is at θ � 38.5◦, surprisingly insensitive to
the anchoring strength (compare with Fig. 4 and Table I), and
again in good agreement with the experimental value �35◦
for BP I prepared by cooling [25]. The minimum of the free
energy of BPIthick− is hence at θ � −38.5◦, and therefore
both signs of θ are possible as noted above.
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FIG. 5. Plot of the y and z components of the director n, the
eigenvector of χ with the largest eigenvalue, for (a) BPIthick−
with θ = 40.8◦ and (b) BPIthick+ with θ = 36.3◦. Unidirectional
anchoring is imposed only on the top surface, and wud/κ = 0.025.
The sign of n is chosen such that nx � 0. The points (+) represents
(ny, nz ) of all the grid points at the top surface of the simulation
system. At green larger and thicker points, Trχ2 > 0.5, that is, the
orientational order is stronger. A large black cross (×) indicate the
direction of the easy axis ν giving the minimum of F .

The profile of BPIthick+ near the bottom surface (z = 0)
is that of BPIthick− near the top surface, and hence the
free energy at the bottom surface in the present case is ex-
pected to be close to that of BPIthick− at the top surface
presented in Fig. 4 with the direction of the easy axis being
−θ . In view of the above argument, figure 6 also presents
FBPIthick+(θ ) + FBPIthick-(−θ ), where FBPIthick+ and FBPIthick-

are those presented in Fig. 4. Excellent agreement between
F and FBPIthick+(θ ) + FBPIthick-(−θ ) again demonstrates that
our calculations successfully capture the effect of surface uni-
directional anchoring.

TABLE II. The values of θ in degrees for the minimum of F in
Fig. 7.

wud/κ BPIIthin BPIIthick

0.025 52.4 51.0
0.0625 53.3 51.9
0.125 54.9 53.7

Finally let us discuss how the lattice orientation can be
deviated from the optimum value θmin � 38.5◦. The rescaled
free energy difference (per unit area) from the minimum value
Fmin for |θ − θmin| = 5◦ is 
F � 5 × 10−5 for wud/κ =
0.025. From the rescaling of the free energy in Appendix A
and in Eq. (A6), the (unrescaled) free energy difference for the
area of 1μm2 (�13p2) is 
F � 3.4kBT , and thus the proba-
bility of observing orientation with |θ − θmin| = 5◦ is approx-
imately 3% of that of observing θmin. Therefore surface an-
choring of strength � 7 × 10−6 J m−2 is sufficient to lock the
lattice orientation of BP I with (110) orientation, again pro-
viding a good account of the experimental observation [25].

B. BP II(100)

Similar analyses are performed on BP II with (100) plane
parallel to the confining surfaces.

1. Effect of unidirectional surface anchoring

Let us first show in Fig. 7 the free energy per unit surface
F when only the top surface imposes unidirectional planar
anchoring, and the anchoring of the bottom surface is planar-
degenerate. Again the behavior of F for BPIIthin and that for
BPIIthick agree with each other around the minimum, and the
information on the effect of surface anchoring, independent of
the thickness of the liquid crystal, can be extracted. The values
of θ that minimizes F are summarized in Table II and are in
the range [51.0◦, 54.9◦]. Note the significant difference in the
behavior of F for θ < 0◦ between Figs. 7(c) and 7(a), 7(b).
When the unidirectional anchoring is strong, the relaxation
from the initial profile results in the overall rotation of the
orientational order by 90 degrees. The anomalous behavior
around θ � −36◦ arises from the failure of the relaxation
because this θ is almost exactly 90◦ apart from the angle
θ � 54◦ that minimizes F (see Table II). In summary, the
behavior of F in θ < 0◦ for Fig. 7(c) should be exactly the
same as that in θ > 0◦ shifted by −90◦, and we need not pay
particular attention to it.

Figure 8 shows the orientation of the liquid crystal for
BPIIthick in a manner similar to Fig. 5. Again in agreement
with intuition, the distribution of n with stronger orientational
order is dense around ν, although ν itself is in its void.

2. BP II sandwiched by two surfaces enforcing
unidirectional anchoring

Here we discuss the behavior of BPII when both confining
surfaces impose unidirectional anchoring of the same direc-
tion. From Fig. 3(a), the defect profile near the top surface and
that near the bottom surface are almost indistinguishable for
BPIIthin. Therefore the contribution to the free energy from
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FIG. 6. Free energy of BPIthick+, F , as a function of the direction of the easy axis θ (green solid line). Unidirectional anchoring is
imposed on both the top and the bottom surfaces. The unidirectional anchoring strength is (a) wud/κ = 0.025, (b) 0.0625, and (c) 0.125.
The black dashed line shows FBPIthick+(θ ) + FBPIthick-(−θ ), each shown in Fig. 4. The minima of F , located at θ = (a) 38.4◦, (b) 38.5◦, and
(c) 38.6◦, are highlighted by cross signs ×.

the bottom surface is minimized when θ � −54◦ (note the co-
ordinate axes shown in the right of Fig. 3). On the other hand,
the defect profile near the bottom of BPIIthick is that near
the top rotated by 90◦, and therefore the contribution from
the bottom surface is minimized when θ � 90◦ − 54◦ = 36◦.
From these observations, we expect that frustration by two
confining surfaces both imposing unidirectional anchoring is
much smaller for BPIIthick, and therefore we investigate the
free energy of BPIIthick.

In Fig. 9, we show the free energy for BPIIthick with
different anchoring strengths in the range 0◦ � θ � 90◦. In
all cases, the minimum of the free energy is at θ = 45.0◦. As
discussed above, the contribution to the free energy from the
bottom surface is expected to be given by FBPIIthick(90◦ − θ ),
where FBPIIthick(θ ) is the free energy of BPIIthick presented in
Fig. 7. In Fig. 9, we also show FBPIIthick(θ ) + FBPIIthick(90◦ −
θ ), whose minimum is also at θ = 45.0◦. Therefore the loca-
tion of free energy minimum at θ = 45.0◦ simply reflects the
θ ↔ 90◦ − θ symmetry of the top and the bottom surfaces.
The agreement between F and FBPIIthick(θ ) + FBPIIthick(90◦ −
θ ) is poorer for stronger surface anchoring. The disagreement
is more pronounced for wud/κ = 0.125 at θ � 0◦ and 90◦,
which is attributed to the rearrangement of the surface director
profile because of stronger surface anchoring.

Now we discuss how the lattice orientation can be deviated
from the optimum θmin = 45.0◦, following the same discus-
sion in Sec. III A 2. The rescaled free energy difference (per

unit area) from the minimum value Fmin for |θ − θmin| = 5◦
is now 
F � 9 × 10−5 for wud/κ = 0.025. The (unrescaled)
free energy difference for the area of 1 μm2 (now �39p2) is

F � 3.5kBT . The probability of observing orientation with
|θ − θmin| = 5◦ is approximately 3% of that of observing θmin.
Therefore surface anchoring of strength �7 × 10−6 J m−2 is
sufficient to lock the lattice orientation of BP II with (100)
orientation as well.

3. Lattice orientation of BPI(110) revisited

In Sec. III A 2, we showed that the optimum angle θ for
BP I with (110) lattice orientation is � 38.5◦, in good agree-
ment with the experimental observation (θ � 35◦) in which
BP I was prepared by cooling [25]. However, Ref. [25] also
reported different orientation θ � 55◦ observed in a heating
process, inconsistent with our numerical results.

The martensitic nature of the transition from BP II with
(100) lattice orientation to BP I with (110) lattice orientation
was recently investigated in detail [34,35]. It was demon-
strated that the transition takes place such that the (011) planes
of BP II transform into the (211) planes of the resulting BP
I. In our notation, the lattice orientation of BP I with (110)
orientation after phase transition from BP II with (100) orien-
tation with θ = 45.0◦ is θ = 45.0◦ ± 9.75◦ or 45.0◦ ± 80.25◦,
that is, θ = ±35.25◦ or ±54.75◦. The former is close to our
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FIG. 7. Free energy of the liquid crystal F as a function of the direction of the easy axis θ for BPIIthin (purple solid line) and BPIIthick
(green dashed line). Unidirectional anchoring is imposed on only the top surface. The unidirectional anchoring strength is (a) wud/κ = 0.025,
(b) 0.0625, and (c) 0.125. The minima of F are highlighted by plus signs + (BPIIthin) or cross signs × (BPIIthick).
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FIG. 8. Plot of the y and z components of the director n, the
eigenvector of χ with the largest eigenvalue, for BPIIthick with θ =
51.0◦. Unidirectional anchoring is imposed only on the top surface,
and wud/κ = 0.025. The symbols are the same as those in Fig. 5.

numerical finding, and the latter is consistent with the experi-
mental observation [25] in a heating process.

Reference [25] emphasized the importance of the thermal
process in the resulting lattice orientation of BP I. The lattice
orientation of θ � 55◦ could be attributable to some surface
memory effect that is absent in the cooling process. For the
discussion of possible surface memory effect, more detailed
modeling of surface anchoring will be necessary: the surface
anchoring in the heating process could not be modeled sim-
ply by spatially uniform unidirectional anchoring. A reliable
model applicable to the present surface memory effect is lack-
ing, and the discussion of memory effect is beyond the scope
of the present work.

IV. CONCLUSIONS

We investigated theoretically the effect of unidirectional
planar anchoring on the lattice orientation of cholesteric blue
phases, making use of the Landau-de Gennes continuum the-
ory describing the orientational order by a second-rank tensor.

We first focused on the orientation of BP I lattice with
its (110) plane parallel to the confining surfaces. When only
the top surface imposes unidirectional planar anchoring, the
angle θ between the [110] axis of BP I and the direction
of easy axis that minimizes the free energy is in the range
[−40.8◦,−30.5◦] and [36.1◦, 42.7◦]. This θ depends crucially
on the orientation and defect profile at the top surface, and
slightly on the anchoring strength. The distribution of the
director n at the surface is dense around the easy axis giving
the minimum of the free energy, in agreement with intuition.
When both the confining surfaces impose unidirectional pla-
nar anchoring with the same direction of easy axis, the free
energy of the liquid crystal is minimum at |θ | � 38.5, which
is insensitive to the anchoring strength and in agreement with
experimental findings for BP I obtained by a cooling process.

We also showed that the anchoring strength on the order of
1 × 10−5 J m−2 is sufficient to lock the orientation of BP I.

We also studied the orientation of BP II lattice with its
(100) plane parallel to the confining surfaces. The optimum
angle between the [100] axis of BP II and the direction of easy
axis is in the range [51.0◦, 54.0◦], depending slightly on the
anchoring strength. When both surfaces impose unidirectional
planar anchoring, θ is 45.0◦ when the free energy is at its
minimum. From a recent study on the martensitic transition of
BP II with (100) lattice orientation to BP I with (110) lattice
orientation, the angle θ between the [110] axis of BP I and the
direction of easy axis should be 45.0◦ ± 9.75◦ = 35.25◦ or
54.75◦. The former is in agreement with our findings, and the
latter, although inconsistent with our results, seems to explain
the experimental value �55◦ observed for a heating process.

The lattice orientation of cubic blue phases in contact
with unidirectionally anchoring surfaces might look a simple
problem. However, our study suggests that the orientation of
BP I with �55◦ defies a simple explanation because the free
energy exhibits its minimum only at θ � 38.5◦. The origin
of the former might be a surface memory effect, and how
cholesteric blue phases orient in response to the treatment
of the confining surfaces still needs further theoretical and
experimental investigations.
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APPENDIX A: RESCALING OF THE ORDER PARAMETER
AND THE FREE ENERGY

Let Qi j denote the orientational order parameter before
rescaling. The local free energy density before rescaling is
given by [3,22,23,29]

flocal = c TrQ2 −
√

6b TrQ3 + a(TrQ2)2, (A1)

where c, b and a are material parameters depending on the ma-
terial and temperature (although the temperature dependence
of only c is important in the spirit of the Landau theory). The
elastic free energy density before rescaling is

fel = 1
4 K1[(∇̃ × Q)i j + 2q0Qi j]

2 + 1
4 K0[(∇̃ · Q)i]

2, (A2)

where ∇̃ is the spatial derivative before the rescaling of length,
(∇̃ × Q)i j ≡ εikl ∂̃kQl j (εikl is the Levi-Civita symbol) and
(∇̃ · Q)i ≡ ∂̃ jQi j (Here summations over repeated indices are
implied), K0 and K1 are the elastic constants, and 2π/|q0| is
the pitch of the helical order.

The rescaling of the order parameter, χi j = (a/b)Qi j , the
free energy density, ϕlocal,el = (a3/b4) flocal,el, and the spatial
derivative, ∇ = (2q0)−1∇̃, yields the rescaled free energy
densities (2) and (3), with τ = ac/b2, κ = q0

√
aK1/b, and

η = K0/K1. Note that the length has been rescaled so that
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FIG. 9. Free energy of BPIIthick, F , as a function of the direction of the easy axis θ (green solid line). Unidirectional anchoring is
imposed on both the top and the bottom surfaces. The unidirectional anchoring strength is (a) wud/κ = 0.025, (b) 0.0625, and (c) 0.125.
The black dashed line shows FBPIIthick(θ ) + FBPIIthick(90◦ − θ ), each shown in Fig. 7. The minima of F , located at θ = 45◦ for all cases, are
highlighted by cross signs ×.

the rescaled pitch of the helical order is 4π , and the spatial
integral in Eq. (1) has been rescaled as such.

With a typical choice of material parameters [22,23,29],
a = 8.0 × 104 J m−3, b = 5.0 × 104 J m−3, c = 3.0 ×
104(T − T ∗) J m−3 (T ∗ is the temperature at which the
isotropic phase becomes unstable), and K0 = K1 = 10 pN, we
have p ∼ 280 and ∼160 nm for κ = 0.4 and 0.7, respectively,
and the variation of τ by 1 corresponds to the variation of
temperature by 1 K, as noted in the main text.

The planar-degenerate part and the planar (unidirectional)
part of the surface free energy density before rescaling read

fpd = 1
2W1Tr(Q̃ − Q̃⊥)2 + 1

2W2
(
TrQ̃2 − Q2

s

)2
, (A3)

fud = 1
2WudTr(Q̃ − Q̃0)2, (A4)

where the same symbols Q̃ and Q̃⊥ have been introduced
for χ in Eq. (4). The rescaling of the free energy density
ϕ1,2,ud = (2q0a3/b4) f1,2,ud, and the anchoring strength w1,ud =
2q0W1,uda/b2 and w2 = 2q0W2/a yields the rescaled surface
free energy densities (4) and (5). The rescaled w1,2,ud and κ are
both proportional to q0 and therefore their ratio is independent
of q0. Note also that w/κ = 0.25 corresponds to unrescaled
anchoring strength W ∼ 7 × 10−5 J m−2 for the material pa-
rameters mentioned above.

Finally, let us provide the relation between the rescaled
total free energy F [Eq. (1)] and the unrescaled one (denoted
by F̃ ), necessary for the discussions in Secs. III A 2 and
III B 2. Recalling the rescaling of the length x = 2q0x̃ (x̃
is the unrescaled length), we have F = (2q0)3(a3/b4)F̃ . The
rescaled free energy per unit area, F in the main text, thus
reads

F = F∫
dxdy

= 2q0a3

b4

F̃∫
dx̃dỹ

, (A5)

where F̃/
∫

dx̃dỹ is the free energy per unit area before rescal-
ing. Therefore, recalling the definition of κ and kBT � 4.1 ×
10−21 J for room temperature, one can write the free energy
per p2 (natural pitch squared) as

F̃∫
dx̃dỹ

p2 = κ−32π2
(K1

a

) 3
2

bF � κ−3 · 340kBT · F . (A6)

APPENDIX B: NUMERICAL MINIMIZATION OF THE
FREE ENERGY

The relaxational equation (7) is solved using a finite dif-
ference method with a simple Euler scheme [36] on a 48 ×
24 × 25 lattice for BP I and 24 × 24 × 49 lattice for BP II.
We allow the variation of the lattice spacings 
x and 
y for
x and y directions. (The lattice spacing along the z direction
is fixed because the thickness is.) The discretized total free
energy F , Eq. (1), is a function of χ ’s at the lattice points, and
also of 
x and 
y. To obtain the optimum 
x,y, we solve the
following equation for 
x,y simultaneously with Eq. (7):

τ


∂

∂t

x,y = − ∂F

∂
x,y
. (B1)

Here, τ
 = 0.02 characterizes the relaxation of the lattice
constant, although, as long as the numerical scheme is sta-
ble and the relaxation of 
x,y is not too slow, the actual
value of τ
 is not important because in the present work
we are interested in the final equilibrium profiles, not the
dynamics.

Note that in our previous study [32], we allowed the nu-
merical lattice to be a general parallelepiped, not necessarily
rectangular, and the numerical lattice vectors to point to any
directions. In the present study, such a treatment allows the
overall rotation of the blue phase lattice to find the optimum
direction with respect to the easy axis. This makes the calcu-
lation of the dependence of the free energy on the easy axis
direction θ impossible, and therefore here we fix the orienta-
tion of the numerical lattice by allowing only 
x,y to vary.

APPENDIX C: VISUALIZATION OF THE ORDER
PARAMETER PROFILE

In Figs. 1 and 2, the orientational order, or the direc-
tor denoted by n, is presented by short rods with constant
length whose direction is the eigenvector of the tensor order
parameter χ with the largest eigenvalue. The color of short
rods is blue (magenta) when the orientational order is parallel
(perpendicular) to the confining surfaces (xy plane), the same
as that in our previous studies [23,30].

The core of a disclination line is known [37] to exhibit
weaker orientational order with smaller Trχ2. For τ = −0.1,
Trχ2 = 0.659 in the bulk, and we choose Trχ2 = 0.3 for the
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identification of disclination lines. Thus, in Figs. 1 and 2, the
isosurfaces Trχ2 = 0.3 have been drawn for disclination lines
(at the disclination core, Trχ2 < 0.3). Note that slightly larger
(smaller) choice Trχ2 for the isosurfaces leads to disclination

lines with thicker (thinner) appearance, and the choice of
Trχ2 = 0.3 does not have a physical meaning on its own. We
finally note that in Figs. 1 and 2, 2 × 2 unit cells are presented
for presentation clarity.
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