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Abstract

We compare the integration by parts of contact forms - leading
to the definition of the interior Euler operator - with the so-called
canonical splittings of variational morphisms. In particular, we dis-
cuss the possibility of a generalization of the first method to contact
forms of lower degree. We define a suitable Residual operator for this
case and, working out an original idea conjectured by Olga Rossi, we
recover the Krupka-Betounes equivalent for first order field theories.
A generalization to the second order case is discussed.
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1 Introduction

The Euler-Lagrange operator can be geometrically described by means of
two interrelated geometric objects (and corresponding geometric integration

*Qur colleague and friend Olga Rossi passed away in October 2019. This paper is an
outcome of our collaboration, which we miss heartily, and we dedicate it to her memory.


http://arxiv.org/abs/2010.16135v1

Geometric integration by parts and Lepage equivalents 2

by parts procedures), the one based on the concept of differential forms
and exterior differential modulo contact structures, the other based on the
interpretation of variational objects as fibered morphisms [7, &, [3] etc.

Following an approach inaugurated by the works of Cartan and Lep-
age, the finite order variational sequence was introduced and developed by
Krupka; see e.g. [12], [13] and [I4]. The problem of the representation of the
finite order variational sequence (whose objects, we recall, are equivalence
classes of local differential forms) has been discussed in terms of the so called
interior Euler operator; see e.g. [9] and [1§].

On the other hand variational morphisms [3] not only provide a geomet-
ric formulation of the calculus of variations, but in general of a wide class
of differential operators. Their most relevant property is that they admit
canonical and algorithmic splittings and, by the introduction of a connec-
tion on the base manifold and a connection on the considered fiber bundle,
globality and uniqueness properties of these splittings can be assured.

The aim of this paper is to investigate the relation between these two
approaches which use different geometric integration by parts techniques.

We perform the identification of contact forms with variational morphisms
for 1-contact forms of degree at most n 4 1, where n is the dimension of the
base manifold of the considered fiber bundles. The two integration by parts
techniques are directly compared in the case of 1-contact n-horizontal (n+1)-
forms. A non-trivial manipulation of the interior Euler operator technique is
needed for the comparison in the case of 1-contact forms of lower degree.

We will show that in the first situation the two approaches produce the
same results, whilst in the second situation we get two different splittings
and we can give an account of their difference. Finally we observe that the
manipulations needed in this last case might be useful in order to obtain
an extension of the definition of the Krbek—Musilova interior Euler operator
at least to 1-contact forms of lower degree. We define a suitable Residual
operator for this case and we recover the Krupka-Betounes Lepage equivalent
for first order field theories.
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2 Contact structure and geometric integra-
tion by parts

Prolongations of fibered manifolds are a basic tool for the geometric formula-
tion of the calculus of variations. We recall the decomposition of pull-backs
of differential forms on jet prolongations of fibered manifolds. The decom-
position is performed by means of the jet projections and the holonomic lift
of tangent vectors (a canonical construction which allows a splitting of the
projection along the affine fibrations defining the contact structure of tangent
vectors in two components with remarkable properties). Moreover the de-
composition of forms leads to the introduction of the so-called contact forms,
which reveal to be another fundamental concept in the calculus of variations.
To fix notation we follow [I5] ; other references on jet spaces are [22] and [g].

We recall that by a fibered manifold structure on a C'*° manifold Y we
mean a triplet (Y, X, 7), where X is a C*™ manifold called the base and
m:Y — X is a surjective submersion of class C'*° called the projection.
We stress that, when dealing with local aspects of fibered manifolds, we will
always use the so-called fibered charts (i.e. charts adapted to the fibration).
Let Y be a fibered manifold with base X and projection 7, let n = dim.X
and m = dimY — n. We denote by J"Y, where » > 0 is any integer, the set
of r-jets JIv of C" sections of Y with source x € X and target y = y(z) € Y
(for more details on jet spaces see [22] and [8]); we fix the notation J°Y =Y.
For any s such that 0 < s < r we have surjective mappings, the canonical
jet projections, i : J'Y — J*Y and n": J'Y — X, defined by 7l (JIy) =
Jivy, 7" (Jly) = z. Let (V,4), ¢ = (2',y7), be a fibered chart on Y and let
(U, ), ¢ = ('), be the associated chart on X.

By setting V" = (7))~ (V), a chart on the set J"Y associated with the
fibered chart (V) is given by (V7",9") ¥" = (2%, 97,95, Y55 - > Yo i )y
withl1<i<n, 1<o<m1<j<jp<---<jp<n k=123 r
The set of associated charts (V7 ¢"), such that the fibered charts (V1))
constitute a smooth atlas on Y, is a smooth atlas on J"Y. With this smooth
structure J"Y is called the r-jet prolongation of the fibered manifold Y.

Let Y be a fibered manifold with base X and projection 7. Let = be a m-
projectable vector field on Y, expressed in a fibered chart (V, ), ¥ = (z*, y?),

by Xi = & &aﬂ- + E"%, then its s-th prolongation J°Z is expressed in the
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associated chart (V*,4*®) b

oz _g? = _9
= = O j1j2~~~jkayq_ o
k=1 j1<j2<-<ji J1I2--Tk
=0 —c o¢t
where 1ok d]k —j1J2.--Jk—1 yJ1]2 Jk—11 9gIk

Let J 1y € J"TY. To any tangent vector £ of J™"'Y" at the point J7 Ty
is assigned a tangent vector of J"Y at the point 771 (JT1ly) = Jry by hé :=
TJ™y o Ta" (). We get a vector bundle morphism h: TJ™ Y — TJY
over the jet projection 77! called the horizontalization, and h¢ is called
the horizontal component of . Let £ be given in a fibered chart (V,),

Y= (2',y°) as

r+1
5_ i + =0 8
z : § : —J1J2--Jk 9,,0 ’
01’ Tty k=0 1<ja<-<ji ayjlemjk Tty
then
i
hg§ = &'d;,
R o) T o 2] -
where di = 35| 4 2 0hs0 2 <oy Ynjongnizgr | the i-th formal
Try 1923k | 7r

derivative operator, is a vector field along the projection 7;:“.

We can assign to every tangent vector § € 141 J "1y a tangent vector
p& € Tyr, J"Y by the decomposition T/t (§) = h& + p€, where pg is called
the contact component of the vector €. Then

- =0 o 7 9
pE = Z Z <:j1j2---jk o yjljz---jkig )07

o
k=0 j1<j2<--<ji Y5 doedn

Iz

For any open set W C Y, (yWW denotes the C"**-module of g-forms on
the open set W" = (75)~ (W) in J'Y, and Q"W is the exterior algebra of
differential forms on W7". In order to study the structure of the components
of a form p € (W, it will be convenient to introduce a multi-index notation.
A multi-index I is an ordered k-tuple I = (i1is...1x), where k = 1,2,...,r
and the entries are indices such that 1 < q,1s,...,7 < n. The number k is
the lenght of I and is denoted by |I|. If 1 < j < n is any integer, we denote
by Ij the multi-index [j = (iyig...147).
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The notion of horizontalization of vectors can be used to define a mor-
phism h: Q"W — Q"M of exterior algebras.
Let p € QuW, with ¢ > 1, and J; 'y € W"*'. Consider the pullback () *1)*p
and the value

() (L) (6 oy, &) =
= (o) T (&), Tm (&), - T (E)) (1)

on any tangent vectors &1, &, .. ., &, of J"TY at the point J/ 1. Decompose
each of these vectors into the horizontal and contact components, T'7" (&) =
h& + p&, and set

hp(J;“-i-l,y)(é’l’ 52) s 761]) = P(J;’Y)(hfb h€2> I hgq)

This formula defines a g-form hp € Q7 *'W, while for O-forms hf := (77 71)* f.
It follows that hp(Ji1y) (&, &, - . ., &,) vanishes whenever at least one of the
vectors is 7" T!-vertical. Thus, the g-form hp must be 7" *!-horizontal. In
particular hp = 0 whenever ¢ > n + 1. The component hp is called the
horizontal component of p. We say that p € QiW is contact if hp = 0. Let
us now set

(T (Ens o E)) =
1
T Kl(g— k)l > (=)o) 0oty - - Doty hatisnys - - o))

o€Py

where P, is the set of permutations of ¢ elements and |o| is the sign of the
permutation o € P,. Note that if k£ = 0, then pyp coincides with hp, while
for O-forms pf = 0. In particular, given a g-form n

q

n= AL dyT A NdyT A da A Ada

'O’Si5+1...2
s=0

the k-contact component of 1 has the chart expression

_ pJi Jx o1 . Ok Tht1 .. iq
pen = By, .. opipg g Wy AN AW A dx A ANdx',
with
q
BJl Jk‘ o S AJl JiJkt1 Js yo'k+1' yO's
01 " OkIk41---Ug k o1 ' 'OKOk41 " Cos [i5+1...iq Jet1th4+1 """ Jsis}
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where the antisymmetrization in the right hand side of the last equation is
performed only on the indices 7541 ... 750541 ... Iq.

For any p € (W, ¢ > 0, the canonical decomposition of the form p is
given as

(1) p = hp+pip+pap + -+ pyp.
We can see that the canonical decomposition of forms gives rise to the split-
ting of the pull-back of the exterior derivative

q q
(7.‘.:+2)*dp — de + dcp = de = Zpkdpkp + Zpk+1dpkp7 )
k=0 k=0

and characterized by the identities dg ody = 0, dg odec = 0, dg odyg =
—dg odg; furthermore, if p is a ¢g-form and 7 is an s-form, both on J"Y| then

dy(p An) =dup A (T P20+ (=1)Ux ) p Adyn
de(pAn) =dop A (73 + (1)U p A den.

2.1 The interior Euler operator

We recall some technical features of the interior Euler operator, seen as a
tool which allows to pass in a univocal way from equivalence classes of local
differential forms in the variational sequence, to (global) differential forms
in the representation sequence. First we recall the finite order variational
sequence as introduced by Krupka in [12]. A complete description of this
subject involves some topics of sheaf theory and sheaf cohomology; however,
since our purpose is to make direct calculations on the representation of the
variational sequence, we just refer to [I5] for more details about those as-
pects. Then we shortly recall the notion of Lie derivative of forms and some
results on integration by parts formulae which lead directly to the definition
of the interior Euler operator. For more details and other related topics we
refer to [9] and [18].

Let O, ¢ > 0, be the direct image of the sheaf of smooth g-forms over
J"Y by the jet projection 7. We denote by

T
q,C

kerpy for 1 < q <mn,
kerp,—, forn+4+1<qg<dimJ"Y
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the sheaf of contact ¢g-forms, if ¢ < n, or the sheaf of strongly contact g-forms,
ifn+1<qg<dimJ"Y.
We set

er =0 +d!

qg—1,c

r
q—1,c

where d{2! is the image sheaf of 2

q—1,c
us consider the sequence of sheaves

by the exterior derivative d. Let

{0} -0 = >0 -0, — - — 0, —{0} (2)

n

in which the arrows are given by exterior derivatives d and with P being the
maximal nontrivial degree. It can be shown that it is an exact subsequence
of the de Rham sequence. The resulting quotient sequence

{0} = Ry — Qp — Q]/0] = Q5/05 — Q5/05 — ...

is called the variational sequence of order r and it is an acyclic resolution of
the constant sheaf Ry over Y. We denote the quotient mappings as follows

By (o) € /05 — (o)) = [dp] € /0.

Note that, in particular, the mappings E; and E; _; correspond to the Euler-
Lagrange mapping and to the Helmholtz-Sonin mapping of calculus of vari-
ations, respectively.

Definition 2.1. Let (V,v), v = (2*,y°), be a fibered chart on'Y and let p
be a differential q-form on J'Y. The Lie derivative of a q-form p on with

respect to a vector field hZ along the map ©" ! is given by

r+1

£ p = (m)iz(hEodp) + d(w )iz (hEop)

T

Here (7715 is a pull-back defined according to [9].
In particular, let d; be the i-th formal derivative operator seen as a (hor-

r+1 . r+1
izontal) vector field along a map. We have £]" dz/ = 0, £37 dy5 =
r+1 r+1
dyg;, £y w3 = w9, while for f a zero form, we have £37 f = gg +

Z\Tﬂzo y?i@% = dif.

Accordingly, by a slight abuse of notation, we will use at any degree the
symbol d; = £§f+1, and we will call it the total derivative of forms with
respect to the coordinate z°.

We recall that the total derivatives of forms enjoy the following properties
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1. the form dgp can be locally decomposed as
dup = (=1)dip A da’

2. the Leibniz rule holds for total derivatives of the exterior product of
forms p and n

di(pAn) =dipAn+pAdin
3. let (V,qz_), Y = (z7,9"), be a fibered chart on Y, such that VNV # ()

and let d; be the total derivative with respect to the coordinate 7.
Then the transformation rule d;p = ‘gii Elj p holds.

4. the total derivatives commute, i.e.

This last property allows us to use the notation d; = d;, o---od;,, where
J = (j1...7s) is a multi-index.

In the following we consider a generalization of the integration by parts
procedure to differential forms based on the concept of total derivative of
forms [9).

Let (V,9), ¢ = (2*,y7), be a fibered chart on Y and p € Q! V a form.
Let p,p be expressed as

pro = Y wi A
7]=0

Then there exists the decomposition

prp = Z(p) + prdprR(p) (3)

where Z is the interior Euler operator, R is the Residual operator, and R(p)
is a local k-contact (n + k — 1)-form.

There exists a unique decomposition as above such that Z is R-linear,
which is therefore globally defined. In local coordinates we have

0

Z:Q, W3p—I(p) = —w A Z DMld —kap) € QXIW. (4)
|J|=0 Y

Let W C Y be an open set and let p € Q) , W, 1 <k < dimJ"Y —n, be

a form. Then the following intrinsic properties uniquely characte the interior
Euler operator:
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(a) (m")*p—Z(p) € OF W,
(b) Z(prdprR(p)) = 0;
(¢) T%(p) = (moy 1) Z(p);

)
)
) Z
(d) ker(Z) = 67, W.

2.2 Variational morphisms and canonical splittings

We recall shortly the definition and the basic properties of variational mor-
phisms; see [3]. Then, in view of a comparison with the Krbek-Musilova
geometric integration by parts, we discuss in greater detail their algorith-
mic splitting properties, which correspond to the possibility of performing a
global and covariant integration by parts, distinguishing the case of codegree
s = 0 from the case 0 < s < n. Finally we include some results about the
uniqueness properties of the aforementioned splittings.

The general situation that we will take into account dealing with varia-
tional morphisms is described by the following:

Definition 2.2. Let £ = (E, X, 7,RY) be a vector bundle and 7: Y — X
an arbitrary fiber bundle, both over X, with dimX = n. Lett, r and s be
integers. A bundle morphism

Vi JY — (JE) @ Ap_y(X)

is called a variational E-morphism on Y. The (minimal) integer t is called
the order of V, r is called the rank and (n—s) is called the degree of V (being
s the codegree).

A fibered connection on £ (i.e. a linear connection I'Y; on X and a connec-
tion I'g; on &) induces on (J™E)*® A,_(X) a set of local fibered coordinates
(2 172 ZS, o, UMY g0 that a variational morphism V' ocan be locally

given there as

1 N N L
— All.lgmA ~t].. 05— A A1l )1 Jr—A
<V|J":>:—[vz1 PEL O IES 4l TS ® dsiy ..,

s! J J1ee-Jr

where ds;, ;. = 628 J.dgy 21 ads, if ds is the volume density on the base

manifold X. Each coefﬁment Vo, —AQ dedt-Im of order 0 < m < r is the
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coefficient of a global variational morphism, the m-rank term of V (if m =r
it is called the highest rank term of V).

Let now Q: J'Y — A,,_(X) be a morphism of rank r» = 0. The diver-
gence of Q is the variational morphism Div(Q): J™™Y — A, (M) such
that

Div(Q) o J"o = d(Qo J'o)

for each section 0: X — Y.

Variational morphisms admit canonical and algorithmic splittings corre-
sponding to global and covariant integration by parts. We distinguish two
cases.

e the case of codegree s = 0.

Let V: J%Y — (J"€)* ® A,(X) be a variational £-morphism of code-
gree s = 0. Then we can define two global variational £-morphisms

E=E\V): J7C — £ ® A, (X)
T=T(V): J71C — (J7E)" ® A1 (X)

such that the following splitting property holds true:
< V|J'E >=< E|Z > +Div(< T|J'Z >) (5)

for each section = of £. The variational morphism E is called the
volume part of V while T is called the boundary part of V.

In particular, we locally have:
<E|E >= [(@A — V0 (—1)’“vj1___j7,@f;;---jf')EA] ® ds
and
—1= v A Pij1 A 2ij1..Jr—1—=A
< T|JT = >= |:t7;4: _'_t,ljl':]l +"'+tA71 J 1:j1---j'rfli| ®d82
where the coefficients of T are given by the recurrence relations
{i{lndrq _ @Zjlnjr-fl

P01 Jr—2 _ alj1.-Jr—2 pligi...jr—2
ta = Ua — Vity (6)
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A similar splitting formula can be obtained for variational morphisms of
higher codegree. Let us first define the concept of a reduced morphism with
respect to a fibered connection.

Definition 2.3. Let V: J'Y — (J"E)* @ A,_s(X) be a variational mor-
phism.

Let V,, = i(@?“‘iSjl"'jm) ® ds;,..i. be the coefficient of its term of rank
0<m<r.

The term V,, is said to be reduced with respect to the fibered connection
(T2, TAY) if lt-i2dm — 0 The variational morphism V is reduced if all
its terms are reduced.

Notice that when n = dim(X) = 1, e.g. in the case of Mechanics, all
variational morphisms are reduced. However, a variational morphism might
be reduced with respect to a fibered connection, but not with respect to
another fibered connection, whenever its rank is at least two.

e the case of codegree s > 1.

Let now V: J'Y — (J"E)* ® A,_s(X) be a global variational &-
morphism of codegree s > 1. Then we can define two global variational
E-morphisms

E=E(V): J7C — (J'E)* @ An_o(X)

T=T(V): J*C — (J7TE) @ Ap_s_1(X)
where E is a reduced variational morphism and such that the following
holds true:

< V|J'E >=<E|J'E > +Div(< T|J"'Z >) (7)

for each section = of £. Again, the variational morphism E is called

the volume part of V while T is called the boundary part of V.

Let a fibered connection be fixed; the volume part is uniquely determined,
while the boundary part is determined modulo a divergenceless term. When
r > 2 one can proceed by further splitting thus obtaining

< T|J 2 >=<S|J'2 > +Div(< Q|J 22 >), (8)
where the variational morphism S: J"™2"72Y — (J"1E)*® A, 1(X) is re-
duced by construction. Although by two different splittings of the variational
morphism V the volume part is uniquely determined while the boundary

parts are not, the reduced part of the boundary parts is uniquely determined
as well; one then speaks of a “canonical” boundary term in this sense.
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3 Comparison of the two approaches and new
results

We present some original results which clarify the similarities and differences
between the two integration by parts methods described above.

The basic idea is that 1-contact forms of degree n+ 1 can be seen as vari-
ational morphisms and wiceversa to each variational morphism a 1-contact
form of degree n + 1 can be associated. In Proposition B.Il we prove the
equivalence of decompositions (B)) and (Bl) for 1-contact (n + 1)-forms (which
we shall call top forms, because they are of the highest horizontal degree),
seen as variational morphisms of codegree s = 0.

Then the more difficult case of 1-contact (n — s 4 1)-forms, seen as vari-
ational morphisms of codegree 0 < s < n, is discussed. We show that, in
general, for k-contact (n — s)-horizontal (n — s+ k)-forms, with an adequate
manipulation it is possible to obtain a decomposition similar to decomposi-
tion (3)). In Proposition 2] we show that, when we restrict to & = 1, this
decomposition is equivalent to the application of a “canonical splitting”-like
algorithm to the corresponding variational morphism.

Using this fact we can finally compare, by Proposition[4.4], this “canonical
splitting”-like decomposition with the decomposition ([7), showing that the
difference between the corresponding boundary terms is compensated by the
difference between the corresponding volume terms.

3.1 Contact forms as variational morphisms

Consider an arbitrary bundle 7: Y — X with n = dimX. Let U C X be an
open subset and let W = 7~!(U) be the "tube” over U. Consider p € QW
a l-contact g-form on W = (7))~ (W), with ¢ < n+ 1. Then, if (W7, ¢") is
a local chart on J"Y associated with the fibered chart (W,), ¢ = (a*,y%)

on Y, we can write
T
pp= Y WiAnl €W
|J|=0

where 77 are horizontal (¢ — 1)-forms defined on W™ and thence can be
expressed as

ng = AL (I ) ds, b, s=n—(¢—1).
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Now, considering the vector bundle V(W) whose sections are vertical
vector fields defined over W and recalling that J"V (W) = V(J"W), we can
define according to Definition a variational morphism V,: J*HW —
(JTV(W))* @ As(U) such that:

<V TE>= T Epp = | Y AE| @ dsi, ., =
|7]=0

= [Aireize g Apiinzg o Aiiarzg g ds,
for every vertical vector field =: W — V().

The advantage of this approach consists in the possibility of working on
contact forms (although only in the particular case of 1-contact forms of
degree at most n + 1) using the tools of the theory of variational morphisms
and returning back to forms at the end of the manipulation.

It appears that the above identification of 1-contact forms with variational
morphisms holds true up to (n + 1)-forms and, indeed, this could be related
to the non-uniqueness of the source forms providing the so-called Helmholtz
conditions. In fact, as discussed in [I§] (pag. 32), this feature appears for
k-contact n-horizontal (n + k)-forms with k£ > 2.

3.2 Comparison for top forms

In this section we directly compare the two integration by parts procedures.
As a first step, in the following proposition we prove that the splitting (5
of p1p, seen as a variational morphism V, of codegree s = 0,

< V,|J'E >=<E|Z > +Div(< T|J'Z >)
and the decomposition
pip =Z(p) +duR(p)
give the same terms.

Proposition 3.1. Given p € Q) W a 1-contact (n + 1)-form. For every
section=: W — V(W),

<V, |J'E>=JZ1pp
and

<E|Z>=JE.I(p), Div(<T|J'E>)=JZ.dgR(p).
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Proof. Step 1. The fact that < E|= >= J"=,Z(p) follows directly from the
definition of each side of the equation. In fact, since W is a single coordinate
domain, we can always choose the fibered connection whose coefficients are
all null, then the covariant derivatives reduce to total derivatives and the
variational morphism E takes the form:

<E|IZ >=[(A, —dj A + -+ (=1)'d;,. ;, A2 @ ds.

1--Jr

On the other hand, from the definition of the interior Euler operator, we have

I(p) = w” A Z (—D)Vld,n! = w” A ( Z (—1)|J\dJAg)ds —

1.7]=0 17]=0
= WA (Ag — dj A + -+ (=1)'d,. g, A7) ds.
Step 2. In order to compare J"Z1dgR(p) with Div(< T|J" 712 >) we

need to compute explicitly the Residual operator R(p). We now write p;p =
> =0 dr (w” AEL), where

¢ = §<_1)J| <|J|J| |l|)dﬂ]§f _ <7§(_1)J| <|J||;‘ |II)dJA£J) s

|J]=0 7]=0
The summand w? A &, is the interior Euler operator, so we consider only
the remaining terms Z‘TI‘:I dr(w” A EL). Bach form w” A ¢l is a 1-contact
(n + 1)-form and thence can be recast as w® A &L = x! A ds, where x! is a
1-contact 1-form locally given as

r—|1I|
I_ Z_ (1] + 1] 17y, 0
X (|J:0( 1) < |J| )dJAcr ) :

Finally, the Residual operator is defined by

r—1
Rip) =Y _(—1)'dx" Ads; =
|7]=0
r—1 7‘—‘7:[‘ .
S —dz( S (- (W —;|ZI|)w”dJAZU) A ds;.
|I|=0 |J|=0 ‘ |

Now, from the second equation above, we compute the coefficients of the
forms w{ A ds; according to the length of the multi-index L:
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|L| = r — 1. The only contribution to this coefficient comes from setting |I| =
r — 1 and applying all the total derivatives of forms d; to w?, thus
obtaining as coefficient AL

|L| = r — 2. One contribution comes from setting |I| = r — 2 and applying
all the total derivatives of forms d; to w?, getting the coefficient

—(Ay" —rdi AZY),

another contribution comes from setting |I| = r — 1 and applying r — 2
total derivatives to w” and one to A thus obtaining

r—1 -
summing together these two terms, we get the coefficient

— (A} — d, A7),

|L| =r — 3. We can take |I| = r — 3 and apply all the total derivatives to
w?, getting a term

_Aer + (T ; )dlAZL - (;) dlkAf)'kZL7

another contribution comes from setting |I| = r — 2 and applying only
r — 3 derivatives to w?, getting a term

r—2 - ™ [r—2 -
(s (o

finally, we can take |I| = r—1 and apply r — 3 derivatives to w’, getting

a term
r—1 -
o d AlkzL
( 2 ) Lk o Y

summing all together these contributions we obtain the following coef-
ficient

— (AL — AL 4 dy AWILY
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It appears clear that the coefficients of the forms w{ A ds; are defined by
the same recurrence relations (@) which express the components ¢ of the
variational morphism T, except for the sign. Thence we can write

r—1

R(p) = Z —t7wT5 A ds;.

7|=0

Therefore, dgR(p) = p1dpiR(p) = ZIJ\ o(dit?wg A ds + /w9, A ds), and
since 29, = d;=%, we finally get

r—1

JEadyR(p) = 3 (dits/ =5+ 15/25,) nds =
720
r—1
=Y (d 1= +t”dl_J) A ds

|J1=0

d;

S,
/\

Zt” )/\ds_Dw(< T|J1E ).

q.e.d.

Since dyds;,. ;. = 0, the latter result can be generalized to hold true for
every 0 < s < n; we can then state the following.

Proposition 3.2. Let T: J'Y — (J"'V(Y))* ® A,_«(X) be a variational
morphism according to Definition[2.2, with

<T[J 2> Zt“ SIEZOY N ds;,
17]=0

for any vertical vector field = over Y. Then there is a correspondence between
T and a (n — s)-horizontal 1-contact (n — s + 1)-form R such that

Div(< T|J"'2 >) = J'ELdyR
where R is defined by

r—1

7% = (Z —t?"'isng) N dsil...is-

|J]=0
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4 The main result: comparison for lower de-
gree forms

Consider a fiber bundle 7: Y — X, U C X an open subset and W =

n Y (U). Let p € Q,__, W be a (n — s)-horizontal k-contact (n — s+ k)-form

defined on the r-order jet prolongation W" of W. In a local fibered chart
"= (2, y°,y7), we can write:

r
PP = Z Wi ATy € QW
1J]=0

where 1/ are local (n — s)-horizontal (k — 1)-contact (n — s + k — 1)-forms
defined on W+, We can write

po= S Wi A = i AED) =t A+ 3 il AED)
|7]=0 |1]=0 =1

where

r—|1|

b= > (e M ag

|J|=0

As we did for the case s = 0, we concentrate our attention on the term
Z‘Tl‘zl d;(w? A €l). Each form w” A &l is a (n — s)-horizontal k-contact
(n — s + k)-form, thus it can be recast in the following manner:

w? A 5(5 = " A ds;, .. i, 9)

where the x%! are local k-contact k-forms. Using equation (), renaming
the multi-index [ and extracting an antisymmetric part, we obtain:

Z dr(w” AE) = (10)

[I]=1
r r—1
= E d]X“"'ZSI A\ d8i1...i5 = E did[X“”'ZSZI A d8i1...i5 =
[7]=1 |1]=0

r—1 r—1
= Z d;d; (Xh'"is” - X[il'"ism> Ndsi,. i, +d; Z Ay A ds,
11]=0 11]=0
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In the following we show that the local form

r—1

d; > dpx i Ads;, (11)

|7]=0

can be expressed as the horizontal differential of a (n — s — 1)-horizontal k-
contact (n —s— 1+ k)-form, obtained by the application of a suitably defined
Residual operator for lower degree forms Z.

Proposition 4.1. Let p € 0, W be a (n — s)-horizontal k-contact (n —

s + k)-form defined on the r-order jet prolongation W™ of W. We have

r—1
d; Z drx" N ds;, g, =
|11|=0
r—1 1
d —1)k dpy -1 A i zz) = duZ(p).

Proof. First we rewrite expression (II]) using a summation over ordered in-
dices 77 < --- <4, instead of 47 ...1,:

r—1 r—1
di Z d[X[il"'iSi]I A dsil...is = dl Z s! d[)([il“'isiH A nglmgS.
[1]=0 [7]=0

Then we expand this sum, using Einstein’s convention for the summation
over multi-indices I:

r—1
d; Z sl A ds: - =

11...15
|1|=0

=gl (dldjxﬁl“‘gsl]l Nds; G+ dgdjxﬁl“‘m]l Nds; 5o+ ...
7 ...Esn I
"'—l—dnd]X[l ] /\dS;lmgs>.
The following step towards the thesis is to observe that

ds: - =dx' Nds. -

i1...05s 11...05
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without summation on the index i and with i # 41,...,7,. Then we can
proceed as follows:

r—1
d; Z stdpysd A ds: = = (12)

11...05
|1|=0

— ! (dldlxﬁl“'zsm Ndz' Ads; 5|+ dod XA A da? Ads; s, 4

i1...0s i1...952

o dpdpx A da A dSzl...zsn> '
For each term of the last equation, we have the same indices in X[gl"js"]] and
in ds;, ;;, though without summation on i.

Our goal is to take each term d;dpx- A dai A ds;, ;.. without sum-

mation on any index and find a way to write it in the form

didpx P A da! A ds;,

21...0s1
with summation on the index [. In order to make explicit the reasoning, let

us consider the term with 7 =1

didpx A dat A ds;

11...531
again without summation over any index. We have obviously that:

ddp A det Ads;, 5= Y didgx U A dat Ads;, s

7 i1...051°
101 ,els

The remaining terms when = 4y,...,l = i, can be found among the other
summands of the right hand side of equation (I2)). As an example, consider
the case when [ = 4;: among the terms

ji.gsia]l i L
d;, dpx 79 A dat A ds

Ji---Jst1

(with summation on the ordered indices j; < --- < j,) there will certainly
be a summand of the form

dgldlx[lig...isil]l A dle A dslgz, s

st

(this time without summation on any index) which can be recast as

11...051]1 i ~
&, dpx U A da™ A ds;

Zl...zsl'
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This is exactly the term we were searching for. Proceeding the same way for
l =1s,...,1l =1, we can finally obtain the expression

ddpx A dat Ads;,
(with summation on [) as wanted. Moreover, we remark that the total num-

ber of summands of equation (IZ) is N = n(","), while the number of ordered
strings of (s + 1) indices is N = (,7,), and N = (s + 1)N’. This means that

for every single term of equation ([2) did -9 A dai A ds;, ;.; (without
summation on any index), there are other s terms with the same indices, just
in a different order.

Therefore, it is not difficult to see that

r—1 r—1
d; > stdp ™ M ads; 5 o=d > stdp -t Ada Ads;, s
1]=0 11]=0
with summation on ordered indices i; < -+ < i, < %s“. Passing to a sum-

mation on non-ordered indices 7 ...7sy; and using commutation properties
of wedge products, we can finally write:

r—1

dz’ Z dIX[h...isi]I A dsil...is —
17]=0
_ dl Til 1 dIX[i1-..is+1]I/\dl,l Ads: _
2
r—1
_ (_1)n—s—1+kdl( Z(_l)k G i 5 d[x[il-.-ierl]I A dsil...i5+1) Adg =

r—1
— dH( (_1>k dIX[i1...is+1H A ds; i ) _ dH«@(p)
IZZO (8 + 1) 1 +1

q.e.d.

Now, in order to compare the decomposition of equation (I0) with the
canonical splitting of variational morphisms, we can state the following result:
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Proposition 4.2. Restricting to the particular case k = 1, we have that the
decomposition

r—1
pip =W A+ D didg (X = X A ds
|1]=0
r—1

+dz Z d[X[il"'isi]I VAN dsil...is (13)

[11=0

can be seen as the result of the application of a “canonical splitting”-like
algorithm to the variational morphism associated to pip.

Proof. First of all we remark that when k& = 1, we have:

my = A3 (T ) Adsi, L,

thence
r—|1]
I o
gi — (Z (_1)|J\ <|J| + | |>dJA?...zSIJ)dSi1MiS
o ]
and consequently
r—|I]
o I o
le...zsl — Z (_1>|J\ (|J“}_|| ‘)dJA?“'ZSIJMU. (14>
|J|=0

We remark that the indices iy ...4,, which in the last two expressions are
contracted with the horizontal form ds;, ,, have nothing to do with the
multi-index I.

By Proposition A1l and equation (I4]) we have that the third summand of
equation (I3) can be expressed as the horizontal differential of a (n —s —1)-
horizontal 1-contact (n — s)-form, in particular:

r—1
A Y Ay A dsy, g, = (15)
7|=0
r—1

=d d (i isil I Ad i1ddd =
H[|I§|_0 (8 i 1) X Siq..is ]

r—1 7‘—|ZI|

—1 J| 4+ | L
=dul—— > di(> (-1 <| | |J|‘Z ‘)dJAgl"'ZSZWWJ) A dsi, i)

(s+1) 1=0  |J]=0
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According to Proposition [3.2] this term corresponds to the divergence term of
the “canonical splitting”-like algorithm. Its explicit form can be computed
as described in Step 2 of the proof of Proposition Bl In particular, if we
develop the total derivatives d; inside the sum in equation (I5]) and collect the
coefficients of the contact forms of the same order, we obtain the expression

r—|iI|

|i Z ( Z \J| (‘J| + |Z |)dJALzl...zsz}IJwU> A dsil...isi:| _
|I| 0 |J[=0 171
r—1
1 PO
=dy|— LT A dsiy i 16
H[ (8 + 1) LZZO o wL S 1---1s ] ( )

where the coefficients ¢’s are defined iteratively by:
Pitisilydr—1 _ Aliredsildoe
tf,l isily 1—A([;1 is1]l1 1

2014ty dp_g i1 idst]lidpen 791858l L2k
to— s r _AU s r dkto— s r (17)

t;l---lsl — Agzl...zsz} . dkt?...zszk )

In order to understand how the algorithm is defined, we have to com-
pute explicitly the other terms of decomposition (I3). Let us start, using
equation (I4)), with:

r—|iI|

il X[il...isi}l _ Z (_1)\J| (U| |‘;||ZI|)dJ (Afjl---isilJ _ A([fil---isiNJ)wa‘
|J]=0

We call Bir-isild — girwisild _ gli-ii017 50 q pemark that this object is
antisymmetric in the indices 7 ...1%,, symmetric in the indices of the multi-
inAdicesAIJ = (21 R .jm), but it is not completely symmetric in il :=
(ity ... 7).

So, what we want to make explicit can be written as:

S ad, (rreit = XY sy, = (18)

11=0
Tidd (_ZI( 1)'J(U|+|”|)d Bl 0) A ds,

- dUr - 11...05
|11=0 1J]=0 7l
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Developing the total derivatives of forms of this expression, we obtain a linear
combination of the forms wf A ds;, ;,. We compute the coefficients of this
linear combination according to the length of the multi-index L:

|L| = r The only contribution to this coefficient comes from setting |I| = r—1
in equation (I8]) and applying all the total derivatives to w?. Renaming
the multi-index L = [L’ (hence with |L'| = |L| — 1), we obtain:

i1.dslL _ pdy.islL! [ix...isl] L'
B = Al — AUttt

|L| =7 —1 One first contribution comes from setting |/| = r—2 and applying
all the total derivatives to w?, getting:

Bczrl...zsL o TdiBé—l.“ZSLZ‘

Another contribution comes from setting |I| = r — 1 and applying one
derivative to B and the others to w?, getting:

dchirl"'iSiL + (T I 1) dinyl'“iSLi.

Summing up these contributions, and renaming L = (L', we obtain:

Bil...isl[/ - diBé_lmiSlLli 4 diBé_lmiSilLl —

= Al gl g gl g gl iy
AL gl

_ A?...iSlL’ _ Agl...isl]L’ + diAgl'“iS”Lli _ diAgl...iSi}lL"

|L| = r — 2 One contribution comes from setting |/| = r — 3 and applying
all the derivatives to w’, getting a term (again we rename L = [L'):

N —1 R .
Bczrl...leL _ (T ; )diBCzrl...zlez 4 <;) dabB(le...zle ab'

Another contribution comes from setting |I| = r — 2 and applying only
r — 2 derivatives to w?, getting:

r—2

diBil...isilL’
ey (7

i1...0slL"i
)diB; AL _

r—2

I
_TdeCzrl...zsmlL —7’< )

i1...islL'ab
)dabBol s .
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One last contribution comes from setting |/| = r — 1 and applying only
r — 2 derivatives to w?, getting:

r—1 S ’ r—1 N
diale...zszalL da le...zle ab‘
(e (7ot

Summing first the terms with two total derivatives, we obtain:
_deil...isialL’ + dabBil...iSlL’ab _ dmA[il...isi]alL’ - dabA[il“'iS”Llab.
Summing the terms with one total derivative of the B’s, we obtain:
d'Bil"'isilL d le aslL's d A i1...0st]lL + d A[zl asl]L'i

1o

Summing all together, we finally obtain that the coefficient for |L| =
r—21is:

A?...iSlL’ _A[il..zs _'_dAzl Jsl] d A[zl dsl]L’ab

o

_diA([;'l-..isi}lL’dmA([;l dstlall’

It remains to see what is the coefficient for |L| = 0, i.e. the coefficient of
the form w? Ads;, . ;.. The first term we need to consider is obviously w? A&,
where

£ = <Z(—1)J|dJA?”'i5J) Adsiyi.
|J|=0

The other contributions come from

r—|I|
I
de1< Z )|J<|<]||_;||z |>d le astlJ cr) /\dS“ i

[1]=0 |J1=0

applying all the total derivatives to the B’s. In other words, renaming il — I,
we want to compute the expression:

r o r—|I|
Z( )\J|d Azl dsd + Z Z J|(‘J||:i]_‘|I‘)dIdJB(i71...iSIJ_ (19>

|J]=0 [1]=1]J]=0

Again, we collect the terms of equation (I9) according to the length L of the
multi-index J in the first sum and /.J in the second sum:
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L =0 Since the second double sum of equation (I9) starts with |I| = 1, we
have only the first term A%~ from the first sum.

L =1 From the first sum we get the term —d; A%% while from the second
sum, considering |I| = 1 and |J| = 0, we get d;B%*". Summing
together these contribution we obtain:

—d; AL 4 Bl = g Al

L =2 From the first sum we get the term dabAﬁ}'"iS“b, while in the second
sum we can choose |I| = 2 and |J| = 0, getting the term d, B9,
or |I| = 1 and |J| = 1, getting the term —2d,, B %, Summing all
together, we obtain:

i1...isab i1...9sab __ i1...9sa]b
dgp Al1+300 _ Bii-isab — g, Alr-isalb,

It is not difficult to see that, for general length L, from expression (I9), we
obtain the term:

L-1
o L o
—1) Py, gy A 1y (—1)’“(k)dal___aLBgl---Zsal---aL —

k=0

= (_1>L(dal...aLAil'“iSal"'aL _ dalmaLBcirL..ism...aL) —
= (_I)Ldm...aLA[ilmisal]az'”aL.

(e

—~

where we used Zﬁ;&(—l)k(i) = —(=1)%. Thence finally, the coefficient of

the form w? A ds;, ;, is given by:
AR = oy AR e dy gy AR
cot (_1)rda1 o darAgl...isal]ag...ar'

The form of the coefficients of the forms w7 Ads;, ., with |L| =0,1,2,...,r,
that we have computed from expression (I8]), suggests us the definition of a
“canonical splitting”-like algorithm.

Let us consider the (n — s)-horizontal 1-contact (n — s + 1)-form pip €
Qi W as a variational morphism

V,: JTW — (J'VIW))* @ A,_(U)
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with

<V |J'E>=JE1pp=

i1...0s 20 i1...05J1=0 01..05]1..-Jr 20
= (Aal sHO 4 Aal s]1_j1 4+ 4 Aal sJ1 ]T“jl...jr) A dsil...is'

According to Propositions 3.1l and and with respect to equation ([I3]), we
can define two variational morphisms

E: J W — (JVW))* @ An_s(U)
T J"W — (J7V(W)) ® Apesa(U),
such that
<V, |J'E >=<EN|J'=E > +Div(< T'|J'ZE >)
and in particular we have the correspondences:

r—1

< E/|JTE >— T‘E—J(WU A 50 + Z didI(Xil...isiI . X[zlzsz]l) A dsil...is)u
[1]=0
and
r—1
Div(< T'|J"'E >) = J'Eadu( > — o 1)d1x[’1"'“‘”1 A dsiy isi)-
|1|=0

Using equations (I6) and (I') and Proposition [3.2]it is immediate to see that
the components of T’ are given by:

e SO
<T|J7Z >= (" HET N E] +
L filedsp 1l dr1 D0 o
+ g i Hjlmjrfl) N dSi, iy -
Denoting with é the components of E’, so that
rogr— _ (Al1...0sm0 £81...95J1 =0 . £81. 881 Jr 0 o
<ENJE>= (e}"=7 + el A R o T“jl...jr) Nds;, ...
and comparing with the results of the calculations described above, we can
finally give the general form of the coefficients é:
TR O S VORI SO U TR TR
60 s [— AJ s r tU s r

Y

é?...zsﬂ---m — A?---zsn---m _ dit?---zsm-dh _ t?---zsn---m 1<h<r,

Nilods _ Ai1eds _ 7 Fileisi
el = Al d;tr e,

q.e.d.
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Remark 4.1. In the particular case of a form % antisymmetric in the
indices [i; .. .7 on its own, i.e. when yti# = yla-sill e obtain a de-

composition

r—1

1 o
=wANE +d E — At A dsy,
hp=w & H[[—o (s 1) X Siq...is

which first appeared in [I8] and it formally resembles to the decomposition (3]
obtained by Krbek and Musilova for top forms.

Remark 4.2. We used the term “canonical splitting”-like algorithm to de-
scribe the decomposition of Proposition because the coefficients é of E’
are not symmetric in the indices (j;...J,) (this is due to the presence of
the terms ¢1-%=/1Jn which are not symmetric in their last h indices) as they
should. Moreover the variational morphism E’ is not even reduced in the
sense of Definition 2.3 while the volume part is reduced in that sense.

Indeed, we can give an account for the difference between the splitting
<V, |J'E >=JZEpip=<E|JE>+Div(< T|J'=>),  (20)
with

V,: W — (J'VIW))* @ A,_(U)
E: J*T'W — (J VW) @ A,_,(U)
T: J*W — (J7T'VIW)* @ A, 1(U),

and the decomposition (I3))

r—1
JEapip=JES (W ANE + Z d;dy <Xi1"'isu - X[il"'ism) A dsil...z’s> +
|1]=0
r—1 1
J?‘E d . d [i1...551]1 Ad i
+JE H(IZ_O PR S isi)

which, as we have just shown, can be seen as a local variational morphism
splitting

JZapip =< V,|J'Z >=<FE|J'E > +Div(< T'|J7'Z >),
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with
E': J W — (JVIW))* @ A,_s(U)
T: J*W — (J7WVW))* @ A,__1(U),
where the morphisms E’ and T are defined according to Proposition
In particular, in view of possible applications to momentum morphisms, i.e.
1-contact (n — 1)-forms (related to the Poincaré-Cartan morphism), we can

state the following results (that we guess could be extended to the general
case).

Proposition 4.3. Letr =1,0<s <n and let p € Q._ W be a 1-contact
(n — s)-horizontal form on W'. Then the two splitting formulae:

<V, |J'E >=< E|J'Z > +Div(< T|E >) =< E/|J'Z > +Div(< T'|Z >)
give the same result. In other words:
E=E, T =T.
Proof. We observe that locally we have
pip = (A" w’ + Aﬁ}”w;’) ANdsiy i, € Q2  W.
Thence, for any vertical vector field Z: W — V(W), the variational mor-

phism V,: J2W — (J'V(W))" ® A,_4(U) is defined by:

_ 1 —_— o
<V >= (LAY BT+ sLAYIET) Adsiy ..

Applying to this expression of V, the canonical splitting algorithm from the
theory of variational morphisms, we easily obtain the following volume term
and boundary term, respectively:

E = %[8'(142115 - dkAgl...isk})wo + S!(AilmiSj . Agl.“is'ﬂ)w‘?} A dSil...iS
1 i1...151], O
T = (3 i 1)' [S!A([jl ]w ] VAN dsil...isi-

On the other hand the recurrence formulae of our decomposition give as
results:
E/ — [(A?ZS . dkA([Til...isk])wcr + (Ail...isj . Agl...isj})w;} A dSil...iS
1 L
T/ _ A[zl...zsz} NTAd i
(S‘l‘l)[o wj| Sl---s

which prove our proposition. qg.e.d.
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Proposition 4.4. Let r = 2 and s = 1 and let p € Q2 W be a 1-contact
(n — 1)-horizontal form on W?2. Then there exists a variational morphism

a: JW — (J'VIW))* ® A,_o(U)
such that the decompositions
< V,|J?Z >=< E|J°Z > +Div(< T|J'Z >) =< E|J*Z > +Div(< T'|J'E >)
are related by

E=E—-Da, T =T+a, (21)

where

Da: J°W — (JPV(W))* @ Ap_1(U)
1s the unique variational morphism such that

< Da|J?Z >= Div(< a|J'Z >)

Proof. Again we show this relation by direct calculations. For r = 2 and
s =1, we have locally

pip = (Apw” + A'w? 4+ AJ2w? ) Ads; € QOW.
It is not difficult to see that, choosing the fibered connection whose coef-

ficients vanish in the coordinate domain W C Y, we obtain the following
volume part and boundary part:

< E|J?E >= [(Ag — d,Aliel — gdbdaAﬁjb}a)EU + (22)
2 ij1)a \—o ij1J2) =0
gdaAc(le) >:]1 + Agjlj2)5j1j2i| /\ dSZ
2
3

+(A(ij1) + gd A%t _
o 3 at o

1 . . 4
< T‘JIE —— 5 [(A([;nz} _ daA([jhm}a) =0 4 gA([jznz}JE;_’] A dsi i, -

In order to compute T” from equation (I3]), we first report

i1 __ 1j1 ijiay, o 1j1J2 _ AW1j2, 0
Xt = (AP — 2d, A7, x = A1207
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then
L1 1 1
- Z §dJX[2122]J A dsiliz - ix[llm A dsiliQ + idax[lllﬂa A dsiliz =
1J]=0
1 1
= §(A0f”2] 2d, A[“22 Dw? A dsiyi, + —(d A[“22 4w’ A[21Z2 W) NdSiyi, =
1 1
[ — g LA A .

Comparing with equation (22)) it is immediate to get:
/ 1 [iliz}a o 1 [ilig}a o
a=T-T=[- édaAJ w? — EAJ Wy A dsiyi,.
For what concerns E' we have, according to the “canonical splitting”-like
algorithm of Proposition 4.2}
E' = [(A — de Al + dypd, AP w” + (AT — d, Al — Al 4 g, Al 7
+(Ai‘j1jz A[Ul ]2) A dS,

.71.72]

Thence the difference E' — E is given by:

E —F= [%dbdaAg‘%o + (da Al 4 (23)
+d  Alle 4 %daAEfjl)“ — gdaAg"ﬁ)w; + (AR — AW T T A ds; .
On the other hand
—Da = D(—a) = (24)
= [%dbdaAgibJawU + ( dg Al d Alieliye 4 ;)A il T A ds; .

To complete our discussion we just have to compare the coefficients of the
respective contact forms in equations (23) and (24]). The coefficients of w?
are precisely the same. Let us take the coefficients of wf and compute their
difference:

(do AL 4 2d, Al 4 4, A" — 4, A% =

Wl N

= §(daAZJ1a + daAgzﬁ _ daAZm _ daAgzjl) -0

]1

+
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Finally, consider the coefficient of w? ; and recast it as follows:

Aligngz o Aligij2) — E(Aijué + Ajlij2) _ E(Aijljé + ARz Aj2j1i> —
— lAijUé + lAjliJé _ lAjzﬁi — lAiju'z _ 1Aj1ij2 + 1Aj1j27; _ lAjzﬁi —

6 7 6 7 37 6 7 6 7 37 37

| 2

= ZAlinliz o Z pligli,

37 37
When the last right hand side of the equations above is contracted with wf ;,
(which is symmetric in (jij2)) only the first term %Agj 172 remains, which is
exactly the coefficient in equation (24)), as we wanted to show. q.e.d.

If we consider the case of E given by the momentum morphism accord-
ing to the formulation of [3] and [4], then the relation (2I]) provides another
Lepage equivalent than the usual Poincaré-Cartan form (see also the discus-
sion about this point in [I8]). The uniqueness and globality properties of
the terms E’ and T’ remain to be deeper investigated; in particular, when
defined globally, the difference E' — E is a closed form, thus defining a de
Rham cohomology class. This feature deals with other topological aspects of
Lagrangian field theories [2, 5 6], 17, 19] which will be the subject of future
research.

5 The Krupka—Betounes equivalent for first
order theories and a first glance to the sec-
ond order

Suppose we have a fibered manifold 7: ¥ — X, with dimX = n and
dimY = n + m. Consider a local chart (z*,4°),1<i<n,1<oc<monY,
then on J'Y we have local fibered coordinates (x%,y7, y;-’), with 1 <1i,7<n
and 1 <o <m.

Let us consider a Lagrangian ), defined on J'Y, locally expressed as
A= ZL(a',y7,y])ds. Aswe already remarked, in [I8] a Residual operator for
lower degree forms was obtained by the first author for the antisymmetric
case; see Remark .l above. Olga Rossi [20] conjectured that, making use of
it, the Krupka—Betounes Lepage equivalent for first order theories could be
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obtained by the application of the following recurrence formulae:
p1 = A —p1R(d\) =6, (Poincaré-Cartan form of the Lagrangian)
P2 = pP1 — p29?(dp1)
p3 = pa — p3Z(dpz)

Pn = Pn—1 — pn%(dpn—1>

with R and Z the residual operator for top forms and lower degree forms,
respectively.

In the following, in view of a generalization to the second order case, we
apply the recurrence formulae by using the characterization of the Residual
operator for lower degree forms as given in the present paper by Proposition
4.1l

We compute explicitly the forms py, ..., p,. First we have the well-known
Poincaré-Cartan form of \:

;. 0Z
Po = dye
In order to compute py we observe that the Residual operator # does not
change the order of contactness of its argument, i.e. poZ(dp1) = Z(p2dp1).
Thus we can reduce ourselves to consider only the 2-contact component of
the differential of p;. In particular:

P1 :9)\ = Zds —l—pf,w”/\dsi

padpr = w7 A (Oppiw” Ads;) + wi A (Dplw” Ads;) =
= w7 A [O,phw” A ds; — di(0piw” A ds;)] + dj[w” A (OpLw” A ds;)] .
Specializing Proposition 1] we have:
|
L@(pgdpﬁ = iﬁgpiwa AW’ A dSij.
Thus
P2 = pP1 — pg%(dﬂl) = Zds —i—pf,w” A dSZ' + 58}7]9,]/&]0 AW’ A dSZ‘j.

Now we compute p3 = ps — p3Z(dp2). Again we can restrict our attention
to the term

1 - o
p3dps = 5(8 O, Db W7 AW ANw” Adsy; + o o wit Aw? A w? A ds;j)

01~ o9l 0: o1 “o2l703

1 o
=W A () dg[wT A 5(8§18§2p§3w”2 A w7 A dsgj)].
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Thence

1 S
pg%(dﬂg) = ——8k 8’ wt A w? A w3 N dsijk

6 o1 o2l o3

and finally

p3 = p2 — p3Z(dps) = Lds + pLw’ A ds; + i@fﬁpgw‘” ANwW? ANdsii, +

+§0f,110?2p?3w”1 AW A WP A dsiyigis-

Proceeding this way it is straightforward to see that at the end we obtain
the following result:

1 0
Prn = gds —+ Z ——Uqwol A A qu N dsil...iq (25>

which is known as the Krupka-Betounes equivalent of the Lagrangian X\ [1]
10, 11, 211, 23].

5.1 Lepage equivalents for second order theories

Let us now consider a second order Lagrangian A = Z (2%, y°, Y7, yZp)ds. As
a first step we compute the Poincaré-Cartan form of the Lagrangian using
the first of Olga Rossi’s recurrence formulae: p; = A — pyR(d\) = 6.

d\ = p,w’ Nds + pf,w;»’ A ds + Ukw;’k Nds =
= d;dp(pFw” A ds) + dj[(pl — 2dipF)w” A ds] + (dpd,;plF — djpl + po)w” A ds.

Using the formula for the residual operator in this particular case:
1
R = Z (=1)'drx" A ds;,
|1]=0
we obtain:
PiR(dN) = —[(p). — 2dipl* + dipIF)w? A ds; + piFwf A ds;).
Then, as expected, the Poincaré-Cartan form of the Lagrangian X is:

0 = Lds + (p. — dip?F)w’ A ds; + pPFwg A ds;.
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We now rename fJ := pJ — d;p?* and f* := p/* and continue computing the
second of Rossi’s recurrence formulae: py = 05 — poZ(d6)).

We are interested only in the 2-contact component of df because poZ =
D2ZDpa, i-e. the Residual operator Z does not increase the order of contactness
of its argument, thus let us write

po(dy) = w A (&,f’ w?? Ads; — 82,1 LIt Nds; — 83”2 LWt Ads; +

g g ]1)2

+0, [T Nds;) + W] A (8 fi2wT2 A ds; — 90 fIwTh A ds;) .

Now we recast this expression in the form Z| 1=0 dr(w” A ¢I) and apply the
integration by parts lemma so to get for the Residual operator

P2 (dfy) = ag, 20002 A dsyy — —agggs HTt A dsi; =

.71]3

J £ij2
= —8 wiz Adsij,

2002

being f¥ symmetric in (ij). Hence we obtain the following formula for py:

= Lds + fiw’ Nds; + fPw? Nds; + 8“ P2020,)71 A Wiz A dsiyiy

201 o2

It turns out that it is possible to apply this reasoning at any step of Rossi’s
recurrence formulae, e.g. at the third step we get

pg%(dpg) = ——8“ 812 figjwc” A w2 A w;-’ N d8i1i2i3.

6 o102
Proceeding this way, the final expression of p, has the form:

= Lds + flw’ Nds; +

n

1 0%
+ — WAL AWTTE AW Adsy,
q:zl gl Oyjt ... Oy, Oy, J teta

We remark that the integratlon by parts is not uniquely defined in the case
r = 2. Indeed, if we take into account in the decomposition of ps(dp;) =
p2(dBy) also the term w? A (87 f2,w™ A ds;) and work on it as above, we
get an additional term in p,, thus obtaining a sort of generalization of the
Krupka-Betounes equivalent at the second order, namely :

0¥
= Lds + _ WA AW AW Adsy, 5+
anay ooy 7N s

1 (9f33111
+ )Moyt .. .8yiqq

o1 (o Og+1 . ..
WA AW AN WTTT NS igig s

+fiw? /\dSZ—FZ T
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which exactly reduces to the Krupka-Betounes equivalent (25), when the
Lagrangian is of order r = 1 (see [16] for a review on Lepage equivalents of
order r > 1).
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