
This journal is © The Royal Society of Chemistry 2022 Soft Matter

Cite this: DOI: 10.1039/d2sm00624c

Dense packings of geodesic hard ellipses on
a sphere†

Andraž Gnidovec, *a Anže Božič b and Simon Čopar a

Packing problems are abundant in nature and have been researched thoroughly both experimentally and

in numerical models. In particular, packings of anisotropic, elliptical particles often emerge in models of

liquid crystals, colloids, and granular and jammed matter. While most theoretical studies on anisotropic

particles have thus far dealt with packings in Euclidean geometry, there are many experimental systems

where anisotropically-shaped particles are confined to a curved surface, such as Pickering emulsions

stabilized by ellipsoidal particles or protein adsorbates on lipid vesicles. Here, we study random close

packing configurations in a two-dimensional model of spherical geodesic ellipses. We focus on the

interplay between finite-size effects and curvature that is most prominent at smaller system sizes. We

demonstrate that on a spherical surface, monodisperse ellipse packings are inherently disordered, with a

non-monotonic dependence of both their packing fraction and the mean contact number on the ellipse

aspect ratio, as has also been observed in packings of ellipsoids in both 2D and 3D flat space. We also

point out some fundamental differences with previous Euclidean studies and discuss the effects of

curvature on our results. Importantly, we show that the underlying spherical surface introduces

frustration and results in disordered packing configurations even in systems of monodispersed particles,

in contrast to the 2D Euclidean case of ellipse packing. This demonstrates that closed curved surfaces

can be effective at introducing disorder in a system and could facilitate the study of monodispersed

random packings.

1 Introduction

Anisotropy in the interactions between building blocks on the
nanoscale can arise due to a plethora of reasons: surface
patchiness, branching, chemical ordering, roughness, or
simply the aspect ratio or faceting of the particle shape.1,2

Not only do the shape and interaction anisotropy of particles
extend the possibilities of their assembly, packing, and jam-
ming properties,2–5 they also allow for a more apt description of
various systems in biological physics, soft matter, and pharma-
ceutical and food sciences, where the more symmetric circular
and spherical shapes are often not a sufficient approximation.
Anisotropic shape of building blocks has been shown to alter
macroscopic behavior of granular matter6 and influence
mechanical properties of nanoparticle assemblies,7 and can
be exploited in the design of self-assembled structures and
materials with desired properties.8

In particular, packing of anisotropic hard objects in Eucli-
dean geometries has been extensively studied during the last two
decades, with development of theoretical models9–11 and research
on different particle shapes,12,13 effects of confinement,14–17 and
new methods to describe structural properties of jammed
states18,19 continuing to this day. In comparison to packings of
spherical particles, anisotropy introduces additional degrees of
freedom into the system and in turn allows for denser packing
configurations for all aspherical shapes in three dimensions,10,20

with asphericity in general influencing the packing density in a
non-monotonic way.21 One of the prototypical cases for studying
the effects of anisotropy on particle packing are systems of
ellipsoids, the most simple aspherical shapes that are routinely
used to model particles in a variety of soft matter, granular, and
molecular systems. They are known to improve the density of
jammed disordered states22–25 and can form unusually dense
crystal packings,26,27 with numerous investigations highlighting
the mechanical properties of jammed configurations of hard
ellipsoids and ellipses.19,24,28–32 Additionally, ellipses were found
to maximize the packing fraction of random sequential adsorp-
tion in two dimensions among the set of shapes of smoothed
n-mers and spherocylinders.33

Besides particle shape, confinement also significantly
affects packing properties—most notably its density—both for
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spherical particles34,35 and anisotropic particles such as rods
and ellipses.16,17,36,37 In two dimensions, one can consider
systems on a sphere as a peculiar case of confinement that
arises due to the compactness of the spherical surface, replete
with obligatory topological defects.38,39 The question of optimal
packing of circles on the sphere was first posed by Tammes
already in 193040 and has been well-researched since,41–44 with
studies of jamming having been extended to different surfaces
with positive curvature.45 However, investigations into the
packing of anisotropic objects on spherical surfaces have to
date been mostly limited to systems of hard rods.46,47 There, it
was observed that in contrast to their optimal flat-plane packing,
short rods adapt to the spherical geometry more efficiently than
both spheres and longer rods, demonstrating the significant
interplay between curvature and particle shape.

Only very recently have some works started to explore also
the packings of ellipsoids on curved surfaces such as sphere.48

Packing of ellipses on the sphere is fundamentally different
compared to their 2D packings in Euclidean space. Monodis-
persed systems of ellipses always crystallize in the plane when
simulated by conventional packing algorithms and their packing
fraction fC will be the same as for the hexagonal packing of
circles (fC E 0.9069), with ellipse and circle packings directly
connected by an affine transformation.49 Analysis of disordered
ellipse packings in flat plane therefore requires introducing
bidispersity into the system in order to suppress crystallization.
However, the closed surface of the sphere and its topological
requirement for lattice defects preclude any periodic packing
solutions, so in this sense, every configuration of ellipses on the
sphere can be considered globally disordered.

In this work, we study a natural extension of the Tammes
problem from circles to purely 2D spherical ellipses of arbitrary
aspect ratios. The ellipses are defined as having a constant sum
of geodesic distances to two foci, which also corresponds to
having elliptical orthogonal projections onto a plane.50 We first
introduce the model and explain the packing simulation pro-
cedure used to generate jammed configurations of spherical
ellipses. We then present packing results, demonstrating that
the packing fraction depends non-monotonously on the ellipse
aspect ratio and can change with system size. We further
analyze the generated packings by calculating the structure
factor and tensor harmonic expansion to better understand the
ordering of spherical ellipses. Finally, we compare our results
to previous investigations of similar systems.

2 Model and methods

We consider a monodispersed system of N spherical ellipses
on a sphere of radius R that satisfy the conventional definition
as a set of points with a constant sum of geodesic distances to
two focus points on the sphere. The aspect ratio of the ellipses
is e = a/b, where a and b are the semi-major and semi-minor
ellipse axes (measured geodesically along the spherical surface;
a,b o pR/2, see Fig. 1(a)). The area of such an ellipse is

A = 2pR2(1 � L0(c,k)), (1)

where L0 is the Heuman lambda function with parameters
given by sinc = cos(b/R) and k2 = sin(a/R)2� tan(b/R)2cos(a/R)2.51

The expression in eqn (1) is implicitly symmetric to the
exchange of a and b and simplifies to the known expression
for spherical cap area in the limit e - 1. Without loss of
generality, we therefore only consider cases where e Z 1. In
general, the packing fraction

f a; e;Nð Þ ¼ N

2
1� L0ðc; kÞð Þ (2)

depends on the relative ellipse size a = a/R, ellipse aspect ratio
and the number of particles in the system. In dense packings,
only two of these quantities remain independent because of the
compactness of the spherical surface.

It is important to consider that the shape of spherical
ellipses depends on their size a and therefore on the number
of particles in a random close packing (RCP). The definition of
a spherical ellipse can be satisfied by taking the intersection of
a sphere and an elliptical cylinder with semiaxes x1 = R sin a and
x2 = R sin a/e. The details of this description are given in ref. 50.
As a - p/2, the semi-major axis of this ellipsoid approaches R,
resulting in a sharper and sharper vertex of the spherical ellipse
(see Fig. 1(b)). At a = p/2, the spherical ellipse becomes the
shape of a lemon wedge. This shape-changing effect is intrinsic
to the purely 2D spherical ellipse model and is more pro-
nounced at larger a (lower N in RCPs) and higher e. As an
alternative to keeping e of the spherical ellipse constant for

Fig. 1 (a) Parametrization of spherical ellipses: semi-major and semi-minor
axes a and b, sphere (curvature) radius R, dimensionless semi-major axis a =
a/R and ellipse aspect ratio e. The shadowed area below the spherical ellipse
represents the cross section of the elliptical cylinder that describes the
spherical ellipse. (b) The shape of a spherical ellipse with aspect ratio e = 3 at
different ellipse sizes a. As a - p/2, the vertex of the spherical ellipse
becomes sharper.
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different particle sizes a, one could conserve the aspect ratio x1/
x2 of the elliptical cylinder that defines the ellipse; however,
this does not address the shape-changing effect. Additionally,
in this case small changes in cylinder semiaxes close to x1 = R
result in large changes of a, which is unfavorable for the
iterative packing simulation described below. However, in
physically relevant systems, N will be large enough for these
shape effects to be negligible.

In contrast to the Euclidean space where the bulk of packing
research is focused on understanding system properties in the
thermodynamic limit N - N, systems on a sphere are intrin-
sically of a finite size. The characteristic length scale, given by
the semi-major axis a, and the sphere radius R can be varied
independently, thus changing the effect of curvature on system
behavior. We therefore focus on studying the interplay between
finite-size effects and curvature that is most prominent at
smaller system sizes (N r 1000). In the thermodynamic limit,
one should recover the 2D Euclidean results, as discussed in
Section 4.

As packings in nature are not necessarily ordered in the
most dense configuration, we do not focus solely on finding the
optimal packing solution but rather on analyzing the general
properties of jammed configurations of ellipses. That is, we
adopt an ensemble-based approach to analyzing packings
where the packing simulation is run repeatedly from random
initial conditions to gather a statistical sample of jammed
configurations with different packing densities, weighted by the
probability of occurrence. The generated packings can be related to
the concept of RCP, where ‘‘randomness’’ stems from initialization
and is not necessarily quantified for end configurations.52–54 This is
fundamentally different from the approach based on individual
configurations, used to study the mathematically rigorously defined
maximally random jammed (MRJ) packings, determined as pack-
ings that minimize a chosen order metric (among other
requirements).55 As we discuss in Section 4, finding an appropriate
order metric to quantify randomness in packings of spherical
ellipses proves to be elusive because it is not clear what the ordered
phase should be in the first place.

We generate the packings by a compression–decompression
algorithm similar to the method used previously to study RCP
of spheres and ellipses.29,34,52,56 The procedure requires a
measure of overlap to be defined as the system energy; however,
conventional overlap parameters used for measuring distances
between ellipsoids in Euclidean geometries57–59 do not work for
purely 2D ellipses on a sphere. We therefore use a recently
developed algorithm by Gnidovec et al.50 to determine the
overlap function l between two spherical ellipses. This algo-
rithm is based on calculating the eigenvalues of a linear
interpolation between quadratic forms that define spherical
ellipses, and returns l o 1 if two ellipses overlap. The energy
for a pair of ellipses is then defined as E(l) = 1/l + l � 2 for
overlapping ellipses and E(l) = 0 otherwise. Note that the first
nonzero term in the expansion of energy around l = 1 on the
overlapping side is the harmonic term (1 � l)2.

The packing simulation is initialized with random positions
and orientations of ellipses on the sphere at a packing fraction

f E 0.5. The size of the particles a is then increased step-wise
and the configuration is relaxed using energy minimization
after each iteration to eliminate overlaps. As we approach a
jammed configuration, step size is decreased and, additionally,
a decrease of ellipse sizes is permitted if overlaps cannot be
removed by translations and rotations of particles. We stop the
simulation once the energy falls in the interval E0 o E o 2E0,
with E0 = 10�8. It follows that the packing fraction of generated
configurations is precise within 10�4, which is sufficient for our
analysis. Note that the initial particle growth rate can be set
arbitrarily in the algorithm and can impact the density of
generated packings. We choose a value of Df B 10�3, which is
small enough to prevent significant ‘‘unphysical’’ rearrangements
that follow large overlaps of particles while also providing satis-
factory time performance of the simulation.

Our simulation procedure technically considers spherical
ellipses as soft particles, and some caution is required before
classifying the resulting states as equivalent to jammed config-
urations of hard particles. It can be shown, however, that
configurations with locally minimal energy always correspond
to jammed states for repulsive interparticle potentials.60,61

What is more, in the limit of zero external forces and pressures
on the system (as is the case for our method), the resulting
configurations can be closely related to collectively jammed
packings of hard ellipses.24,52,62 Here, we adopt the classification
of jamming from ref. 63. Note that the more demanding
jamming categories, namely, the strictly jammed and metric
jammed definitions (the latter proposed by Burke45), cannot be
applied to spherical systems, as the underlying surface cannot
be deformed. We also expect that alternative algorithms for
generating packings of hard particles, such as the Lubachevsky–
Stillinger algorithm64 or the Zinchenko algorithm,65 would pro-
duce qualitatively similar packings.62

3 Results

For each combination of parameters (N, e) we perform 60
packing simulations, starting from independent random initial
conditions to obtain statistical samples of jammed configura-
tions. For every sampled point in the parameter space we then
determine the packing fraction hfi, with brackets denoting the
average over all 60 samples. The packing fraction for three
different values of N is presented in Fig. 2(a) as a function of the
ellipse aspect ratio e. As we deviate from circles (e = 1) towards
higher values of e, packing fraction first increases and reaches a
peak of fmax E 0.89 around e E 1.5 for all system sizes, which
is close to the theoretical planar limit fC E 0.9069. A repre-
sentative configuration for this densest case at N = 300 is shown
in Fig. 3(b). The increase in efficiency of random packing as we
go from circles to ellipses is in line with observations from both
2D and 3D random ellipse packings22,31,66,67 and is a direct
consequence of introducing an additional degree of freedom
per particle into the system. (Note again that Euclidean 2D
random packings only emerge in polydispersed systems.)
Increasing the aspect ratio of the ellipses further, exclusion
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volume effects prevail and packing fraction decreases mono-
tonically in the simulated range of e, at least for large enough
system sizes (N \ 50). This can be clearly seen in Fig. 3(c) for

N = 300 and e = 10. For low N and high e, the relative size of the
ellipses a becomes larger than 1 (a 4 R) and their curvature is
significant. This decreases the available space between two
parallel ellipses and in turn increases the packing efficiency
(see the curve for N = 30 in Fig. 2(a)). As a approaches p/2, the
densest packing will be the configuration where the ellipses are
positioned along the equator, each parallel to their respective
neighbors, i.e., in a lemon wedge configuration. It is even
possible to achieve a perfect packing of f = 1 for ellipses with
aspect ratios e = N/2. In Fig. 3(a), we show a configuration that
closely approaches this perfect packing for N = 20 and e = 10.
Here, it must be kept in mind that while ellipses in these
perfect packings satisfy the spherical ellipse definition, they
deviate strongly from the idea of ellipses in 2D Euclidean space.

Jammed configurations of particles must also satisfy force
and torque balance that is already implied in our packing
generation algorithm. As a requirement to achieve mechanical
stability, the isocounting conjecture was proposed, which states
that in static packings of frictionless particles, the number of
contacts between particles needs to be equal to the number of
degrees of freedom (DOF) in the system. It follows that the
mean number of contacts per particle is Ziso = 2df � 2/N, where
df is the number of DOF per particle. The second term is a
consequence of confinement and finite size (configurations are
invariant to two global rotations), and becomes small for large
systems. On a spherical surface and in 2D in general this results
in Ziso = 4 for circles and Ziso = 6 for ellipses. While random
packings of spheres in a flat space are indeed isostatic, pack-
ings of anisotropic particles such as ellipses and ellipsoids are
stable also when hypoconstrained with Z o Ziso, as has been
demonstrated both in simulations and experiments.22,24 The
missing contacts were shown to belong to quartic modes in the
spectrum of the dynamical (Hessian) matrix, describing collec-
tive rotational motions of particles.24,29

In Fig. 2(b), we show the dependence of the mean number of
contacts per particle hZi on the aspect ratio e, averaged again
over all generated configurations at each point in the parameter
space. In the simulated packings, contacts are determined
between pairs of ellipses if |l � 1| o dl, as l represents the
area scaling factor required to reach exact tangency. The value
of tolerance is chosen to be dl = 10�4, where the curves of hZi as
a function of (dl) are almost flat over the entire range of
simulated e, as shown in the inset of Fig. 2(b) and similar to
what has been observed for ellipsoid packings.68 Our results
show that for most circle packings on a sphere we have hZio 4,
but there are exceptions with higher contact numbers, such as
N = 30, where the average configuration is hyperconstrained
(hZi 4 4). As particle shape starts to deviate from a perfect
circle, the mean contact number steeply increases as the
introduced additional degrees of freedom in the system need
to be balanced to reach stability of the configuration. It reaches
a maximum at e E 2, which notably differs from the value
where the peak in the packing fraction is attained (e E 1.5).
In 3D packings of ellipsoids, these two extrema are closer
together.22 Another difference with 3D results is the subsequent
decrease in the mean contact number, as it stays mostly

Fig. 2 (a) Average packing fraction hfi and (b) number of contacts hZi as
functions of the ellipse aspect ratio e. Dotted curves do not represent a
model fit and serve only as guides to the eye, with the shadowed areas
around the curves indicating the scale of errorbars. The detailed distribu-
tion of packing densities around the plotted averages is shown in Fig. 4.
Inset in panel (b) shows the dependence of hZi on contact tolerance dl.
A small number of particles, called rattlers, can be underconstrained and
able to move within the cage of the surrounding particles. These are also
included in the calculation of hZi.

Fig. 3 Representative configurations for three distinct packings. (a) High-
density lemon wedge packing at low N and high e, where the curvature
enables tight stacking of neighboring ellipses. If all ellipse centers were
positioned along the equator, we could also get a state with f = 1. (b)
Packing at peak density, e = 1.5. (c) For high aspect ratios e, excluded
volume interactions lead to a decrease in the packing fraction of jammed
configurations.
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constant for ellipsoid packings after reaching the maximum
value. This decrease at high e could be connected to local
crystallization in packings on the sphere (ordered local
domains) where many particles only have four contacts. We
discuss this more thoroughly in the ESI† (see Fig. S1). Finally,
the system with N = 30 particles exhibits consistently lower
mean number of contacts than other presented cases at all
values of e 4 1. For such small system sizes, the effect of
confinement to a compact surface that lowers the number of
degrees of freedom in the system (2/N term) becomes signifi-
cant. Additionally, at high e, the interplay between ellipse shape
and curvature that drives the increase in packing fraction also
promotes parallel ordering of neighboring ellipses and conse-
quently domain formation, which amplifies the effect observed
at large system sizes.

We further study the dependence of packing fraction on
system size in Fig. 4, where we use boxplots to show how the
results of distinct simulation runs are distributed. Orange lines
represent the average values at the respective points. For
circular particles at e = 1, hfi is non-monotonic, with large
variations especially at small system sizes where curvature
and compactness of the spherical surface can lead to highly
frustrated local arrangements of circles. These variations are
not surprising—the best packing configurations closely follow
the Tammes solutions (densest circle packings, marked by red
crosses in Fig. 4), which exhibit the same property.42 Note that
all generated packings at N = 20 and most of those at N = 30
return the respective Tammes configurations. A slight increas-
ing trend in hfi can be observed as we move towards large
system sizes. The packing fraction for circles on the sphere
should converge to the planar case fC E 0.9069; however, it has
been demonstrated that this convergence is very slow.69 In
general, the distribution of packing fraction within the ensem-
ble is centered below the maxima dictated by the Tammes
solutions and becomes approximately Gaussian for N \ 80,
which is found to be true also for distributions at other values
of e (with a few exceptions, all distributions pass the normality
test). As the aspect ratio e is increased above 1, any notable
differences in packing densities between configurations with
different N begin to disappear. This is a direct consequence of
adding additional degrees of freedom to the system, resulting
in ellipse packings that are less frustrated than the packings of
circles. Further details on the transition from circles to ellipses
are available in ESI.† For aspect ratios around the peak of the
packing fraction (e E 1.5), the packing efficiency remains
approximately constant with respect to N, as indicated already
in Fig. 2(a). Increasing the aspect ratio further, the effects of
particle curvature at small system sizes that increase the packing
fraction (as already mentioned in the discussion of Fig. 2)
become evident. Whereas the decrease of hfi with N is relatively
gradual at e = 5, it is significantly more pronounced at e = 10
where the case for N = 20 satisfies the condition perfect for
packing (the average generated packing has a packing fraction of
f = 0.994 (Fig. 3(a))). Average packing fraction then steeply
decreases with N until the slope flattens at around N = 50 and
continues to decrease more gradually.

4 Discussion
4.1 Harmonic expansion of ellipse positions and orientations

To analyze the generated packings further, we expand their
positional order over spherical harmonics and calculate the
spherical structure factor39 at each combination of parameters
(N, e),

S‘ ¼
4p
N

1

2‘þ 1

X‘
m¼�‘

r‘mj j2
* +

; (3)

where we have r‘m ¼
PN
k¼1

Y‘m
� Okð Þ for spherical harmonics Ycm

and the positions of ellipses in the packing in spherical
coordinates Ok = (Wk,jk); the sum runs over all particles in the
system. Additionally, we take the average over the generated
configurations to smooth out the variations in the structure
factor and amplify the common properties of the packings.

Fig. 4 Packing fraction distribution as a function of system size N for
different ellipse aspect ratios e. Red crosses in the top panel for e = 1 show
the packing density for the solutions of the Tammes problem. Note also
the logarithmic x-axis.
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The results are presented in Fig. 5 for N = 120 and e A [1,3].
Sharp peaks in the structure factor for the packing of circles (e = 1)
get smoothed out with increasing e as the interval [2a/e,2a] of
possible distances between the centers of neighboring ellipses
expands. The edge points of this interval can be mapped to
‘‘critical values’’ of c where the structure factor would have the
first peak if all neighbor distances dn.n. were equal. Using the
relation c E 2p/dn.n. gives us an envelope (dashed lines in Fig. 5)
that closely matches the observed widening of spectral peaks, with
the left and right branches corresponding to dn.n. = 2a and dn.n. =
2a/e, respectively. At fixed N, this envelope functionally depends

only on e, and we show in ESI† that ‘critðeÞ � p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=4efðeÞ

p
for

high N (small a). We note again that, because the configurations
are jammed, the ellipse size a depends on the number of particles
in the system and, more importantly, on the aspect ratio e.

In Euclidean space, jamming is conjectured to be related to
hyperuniformity, i.e., the suppression of density fluctuations at
large distances described by a vanishing Euclidean structure
factor S(k) as |k| - 0 or—for some systems of aspherical
particles—vanishing spectral density.70–72 The notion of hyper-
uniformity was recently expanded to spherical surfaces, where c
assumes the role of k, and by connecting the spherical structure
factor to the spherical cap density, one can show that the
hyperuniformity criterion on the sphere corresponds to the
limit lim

‘!0
S‘ ¼ 0.39 Fig. 5 demonstrates that this condition is

satisfied up to a small residual on the order of 10�3, at least for
the range of aspect ratios shown in the figure. Some larger
deviations were observed at high e, particularly at e = 10 as seen
also in the inset of Fig. 5, where this residual is between one and
two orders of magnitude higher (more significantly so at small
N). We also calculated the asimptotic expansion coefficients AN

for the cap number variance as another way to establish hyper-
uniformity on the sphere.39,73 The coefficients AN are on the
order of 10�3 or smaller for all ensemble samples in the inset of
Fig. 5, including e = 10, which demonstrates that number density
fluctuations vanish for larger cap sizes and the systems can be
considered hyperuniform. The different extents to which the
limit lim

‘!0
S‘ ¼ 0 is satisfied for different N and e is similar to

deviations from perfect hyperuniformity that were observed also
in Euclidean jammed states and are believed to be related to
both imperfections in packings (rattler particles)74 as well as
finite size effects, which cannot be avoided on the closed surface
of the sphere.

Besides the harmonic expansion of the ellipse positions,
further insight into orientational ordering of ellipses in close
packings can be obtained by expanding the tensor field

QðOÞ ¼
PN
k¼1

p̂k � p̂k � I=2½ �d O� Okð Þ, where unit vectors p̂k

describe the ellipse orientations, over two orthogonal tangen-
tial tensor spherical harmonics on the sphere. Details of this
expansion are given in ESI.† In contrast to the scalar structure
factor obtained from the positional order, the two tensor
structure factors, defined in an analogous fashion from tensor
expansion coefficients, do not vanish at small c for any value of
e (Fig. S4 in ESI†). Instead, they have a peak at c = 2 (the
smallest c where the expansion is defined), which shows that
even though the ellipses are not positionally ordered, there
exists some trend in the average orientational order over long
length scales. The peak is higher at large e, showing that its
magnitude indicates the preference for parallel ellipses during
the densification process of the packing simulation, as parallel
local structures enable higher packing densities. See ESI† for
further tensor expansion results and clarifications.

4.2 Comparison to packings of ellipses and ellipsoids

In Fig. 6, we show a comparison of our results for the packing of
spherical ellipses to the known packing densities in other
anisotropic systems. The most relevant is the comparison with
ellipsoid packings on the sphere recently studied by Xie and
Atherton.48 One would expect a similar dependence of packing
fraction on the aspect ratio for low values of e, where spherical
ellipses are well approximated by intersections of 3D ellipsoids
and the surface of the sphere—at least for large system sizes
that imply low surface curvature. Nevertheless, the results show
significant differences. Ellipsoid packings reach maximal

Fig. 5 Heatmap of the decimal logarithm of the spherical structure factor
[eqn (3)] for N = 100 at different aspect ratios e and wave numbers c,
averaged over all generated configurations. Expansion coefficients vanish
when c - 0 for all e. Dashed lines show the theoretical envelope for
widening of the first spectral peak, ‘critðeÞ � p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
N=4efðeÞ

p
. The inset shows

Sc for a few selected e (horizontal cross-sections over the heatmap, for
e = 1 and e = 2 shown as dash-dotted lines).

Fig. 6 Comparison of the results obtained in this work for the packing
fraction of spherical ellipses as a function of their aspect ratio e (for N =
500) with previous solutions of ellipse and ellipsoid packings.

Paper Soft Matter

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

9 
Se

pt
em

be
r 

20
22

. D
ow

nl
oa

de
d 

on
 9

/2
9/

20
22

 4
:5

5:
00

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d2sm00624c


This journal is © The Royal Society of Chemistry 2022 Soft Matter

density already at e E 1.2, followed by a steeper descent with a
minimum of fE 0.813 at eE 4.0 and with the packing density
rising again for even higher aspect ratios. This increase at large
e can be attributed to possible overlaps of prolate ellipsoids of
revolution as they do not conform to the surface curvature and
particles with high anisotropy can stick significantly out of
plane relative to the layer thickness (given by the ellipsoid semi-
minor axis). The other differences in the packings, namely the
maximum at a lower e and worse packing at intermediate
aspect ratios, are more elusive to explain. A possible origin
for worse packing can be the usage of Berne–Pechukas overlap
parameter57 by Xie and Atherton48 to determine ellipsoid over-
laps, as this is merely an approximation that can overestimate
the correct touching distance (calculated from the Perram–
Wertheim overlap function).59,75 We study this further in ESI†
where we compare the geodesic spherical ellipse contact func-
tion to both the exact Perram–Wertheim ellipsoid contact
function and the Berne–Pechukas approximation. For smaller
particle sizes, i.e., large numbers of particles N in RCPs, the 2D
spherical ellipse contact function used to generate results in
this article closely matches the exact results for ellipsoids. We
also demonstrate in panels (c) and (e) of Fig. S5 (ESI†) that the
Berne–Pechukas approximation can overestimate the area in
the orientation plane where two ellipsoids overlap, which leads
to worse packing results. Finally, in Fig. S5f (ESI†) we use a
similar argument to show that large spherical ellipses at high
values of e will pack worse than tangential ellipsoids on the
sphere.

On the other hand, the dependence of packing density on
the aspect ratio e that we obtain for monodispersed spherical
ellipses strongly resembles the curve for the bidispersed planar
case, not only qualitatively but also quantitatively. The
diamond-marked yellow curve in Fig. 6 shows the results
obtained by Delaney et al.,66 and other studies of 2D ellipse
packings have also observed similar densities.24,31 Just like in
the packings of spherical ellipses, the best packing is achieved
for eE 1.5, with the peak being slightly higher in the Euclidean
plane. What is more, the decrease in the packing efficiency
when e increases is comparable between the two cases. The
strong quantitative resemblance could indicate that there exists
a fundamental connection between random packings of
ellipses on flat and curved surfaces, even though the mecha-
nism that prevents crystallization is different. As expected, both
results also show higher packing densities compared to the
elusive monodispersed MRJ packing of hard disks with fmono =
0.826, generated by an algorithm designed specifically to avoid
crystallization.76

Finally, exploiting curvature as a means of introducing
disorder into a system raises the question of the behavior of
spherical packings at large system sizes. In the limit of N - N

and, consequently, vanishing curvature, one would expect the
system to form large domains with crystalline order and with
defects concentrated in the grain boundaries, effectively tran-
sitioning to the (ordered) planar case where the packing frac-
tion is independent of the ellipse aspect ratio. This is indeed
the case for spherical packings of circles, where this transition

is continuous as the density of grain boundaries very slowly
decreases with increasing system size.69 Similar behavior would
be expected for systems of spherical ellipses; however, given the
limited range of N studied in our simulations, we are unable to
exclude the possibility that the transition from random to
crystalline order appears faster around some specific system
size. This problem is left for future investigations as it would
require a significant computational effort.

5 Conclusions

In this work, we studied the RCP of 2D geodesic ellipses on the
surface of the sphere. We have shown that the dependence of
packing fraction and mean number of contacts on the ellipse
aspect ratio is non-monotonic and qualitatively resembles those
from the Euclidean cases of ellipse and ellipsoid packings.
However, some fundamental differences have emerged that
can be attributed both to the curvature of the system as well as
to the fact that the surface of the sphere is closed. These
properties of the underlying spherical surface introduce frustra-
tion in the system, resulting in disordered packing configura-
tions even in systems of monodispersed particles. This stands in
contrast to the packing of ellipses in flat 2D space, where
polydispersity is required to routinely suppress crystallization
in packing simulations, demonstrating that closed curved sur-
faces can be effective at introducing disorder into a system and
could facilitate the study of monodispersed random packings.

In real systems, building blocks of anisotropic shapes are
often preferred over spherical ones: for instance, diatom frus-
tules of various adnate diatom species are elliptical with mean
aspect ratio e E 1.7,77 elongated fat particles have been shown
to improve the stability (crystallization) of ice cream,78 and
using elongated carrier particles in dry powder inhalers can
considerably increase the amounts of drug delivered to the
lower airway region,79 to name just a few. On spherical surfaces,
elliptical particles such as polystyrene ellipsoids can also be
used to stabilize Pickering emulsions more efficiently than
spherical particles.80,81 They form a dense packing at the
spherical liquid–liquid interface, providing a possible realization
of packings studied in this work. Similarly, elliptical particles
could be used to manipulate properties of liquid marbles.82 In
biological systems, our work could help with understanding the
packing of adsorbed elliptically-shaped BAR proteins on lipid
vesicles.83 These proteins are intrinsically curved and resemble
the shape of geodesic spherical ellipses which makes our model
preferable compared to the 3D ellipsoid alternatives. However, in
all these examples, the interactions between particles and build-
ing blocks are more complex than the hard-core repulsion
studied in this work. Our model is furthermore purely two-
dimensional, which is more suited for thin systems that adhere
to the surface, such as structures within biological membranes,
but can lead to some discrepancies when describing real systems
with three-dimensional ellipsoidal building blocks. We also do
not take into account the possible deformations of the under-
lying spherical surface, or any reshaping of the particles
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themselves. Each system of interest must therefore be evaluated
with regard to whether the geodesic ellipse is a sufficient
approximation to the actual shape for the purposes of the
investigation.

Some additional challenges still remain. As an ordered
reference configuration for the arrangement of ellipses on the
sphere does not exist, we are unable to quantify disorder in the
system. This essentially precludes us from a detailed analysis of
individual configurations, also in terms of finding the MRJ
packing density. Additionally, the system sizes studied in this
work are relatively limited due to the computational costs
involved. In future investigations, more efficient packing algo-
rithms could enable the study of large domain formation that is
expected to occur with increasing system size. The model could
also be expanded either to non-hard interactions between
particles where penetration is possible or to include long-
range interactions such as multipolar electrostatic interactions.
These more complex models could be used to better describe
the behavior of various colloidal or biological systems where
building blocks are preferably oblong, or even to enable the
design of packings with a desired local structure.
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33 M. Cieśla, G. Pajak and R. M. Ziff, J. Chem. Phys., 2016,
145, 044708.

34 K. W. Desmond and E. R. Weeks, Phys. Rev. E: Stat., Non-
linear, Soft Matter Phys., 2009, 80, 051305.

35 H. Ikeda, Phys. Rev. Lett., 2020, 125, 038001.
36 J. O. Freeman, S. Peterson, C. Cao, Y. Wang, S. V. Franklin

and E. R. Weeks, Granular Matter, 2019, 21, 84.
37 S. Hashemi, Braz. J. Phys., 2019, 49, 321–332.
38 T. L. Hill, Thermodynamics of small systems, Courier Cor-

poration, 1994.
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33, 047109.
74 S. Atkinson, G. Zhang, A. B. Hopkins and S. Torquato, Phys.

Rev. E, 2016, 94, 012902.
75 L. Paramonov and S. N. Yaliraki, J. Chem. Phys., 2005,

123, 194111.
76 S. Atkinson, F. H. Stillinger and S. Torquato, Proc. Natl.

Acad. Sci. U. S. A., 2014, 111, 18436–18441.
77 T. Sullivan, Biomimetics, 2019, 4, 29.
78 C. Méndez-Velasco and H. D. Goff, Food Hydrocolloids, 2012,

29, 152–159.
79 W. Kaialy, A. Alhalaweh, S. P. Velaga and A. Nokhodchi, Int.

J. Pharm., 2011, 421, 12–23.
80 B. Madivala, S. Vandebril, J. Fransaer and J. Vermant, Soft

Matter, 2009, 5, 1717.
81 F. Günther, S. Frijters and J. Harting, Soft Matter, 2014, 10,

4977–4989.
82 M. Anyfantakis, V. S. R. Jampani, R. Kizhakidathazhath,

B. P. Binks and J. P. F. Lagerwall, Angew. Chem., Int. Ed.,
2020, 59, 19260.

83 M. Simunovic, G. A. Voth, A. Callan-Jones and P. Bassereau,
Trends Cell Biol., 2015, 25, 780–792.

Soft Matter Paper

O
pe

n 
A

cc
es

s 
A

rt
ic

le
. P

ub
lis

he
d 

on
 2

9 
Se

pt
em

be
r 

20
22

. D
ow

nl
oa

de
d 

on
 9

/2
9/

20
22

 4
:5

5:
00

 P
M

. 
 T

hi
s 

ar
tic

le
 is

 li
ce

ns
ed

 u
nd

er
 a

 C
re

at
iv

e 
C

om
m

on
s 

A
ttr

ib
ut

io
n-

N
on

C
om

m
er

ci
al

 3
.0

 U
np

or
te

d 
L

ic
en

ce
.

View Article Online

http://creativecommons.org/licenses/by-nc/3.0/
http://creativecommons.org/licenses/by-nc/3.0/
https://doi.org/10.1039/d2sm00624c



