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In closed circular ribbonlike polymers such as deoxyribonucleic acid, twist and writhe are known to be
largely determined by the polymer’s bending and torsional rigidities, and they must sum to a topological
constant. Using molecular simulations and an analytically solvable Landau theory, we study the interplay
between ribbon topology and chemically annealed charges in a model polyelectrolyte. We show that the
repulsions between like-charged acidic sites trigger phase separation and coexistence of supercoiling
domains, in turn unveiling a complex phase diagram and providing a route to control the properties of
deoxyribonucleic acid-based materials.
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Deoxyribonucleic acid (DNA) is ubiquitous in living
organisms and now commonly used in smart materials
[1–5]. Most exisiting DNA nanotechnology is based on
Watson-Crick base pairing [6–8]; however, leveraging
DNA topology [9] to guide material design is less common.
Circular DNA carries topological invariants that strongly
impact its conformations and physical properties [10,11],
e.g., a linear DNA can relax torsional stress through the free
ends while a ring DNA, or plasmid, cannot. Indeed, the
topology of circular DNA and other ribbonlike closed
curves must obey the White-Fuller-Călugăreanu theorem
(WFC) [12], stating that the twist Tw (the winding of the
two edges of the ribbon) and the writhe Wr (the winding of
the curve centerline with itself) must sum to a constant [13],
i.e., TwþWr ¼ Lk, where Lk is the linking number.
The degree of supercoiling can be defined as
σ ¼ ðLk − Lk0Þ=Lk0, where Lk0 is the linking number
between the two ribbon edges (or DNA strands) in the
thermodynamically relaxed state [9,14]. This conservation
law entails that closed circular DNA can interconvert twist
into writhe, generating so-called plectonemic conforma-
tions [9,15–20]. The interplay between twist and writhe
affects dynamic, thermodynamic, and entanglement fea-
tures [21,22] and can also influence the viscoelastic
properties of dense solutions of plasmids [23].

In circular DNA, the partitioning of supercoiling into
twist and writhe is thermodynamically determined by the
ratio of the torsional and bending constants [24,25]. In
isolated and equilibrated DNA plasmids, the partitioning
of Lk in twist and writhe is uniform along the whole
closed molecule, and there are no methods to control
interconversion and partitioning of writhe or twist
reversibly [9,26–28].
In this Letter, we propose a novel method to dynamically

control the balance of twist and writhe by contrasting the
bending-torsion competition with long-ranged electrostatic
repulsion. Since electrostatic repulsion disfavors writhe-
rich conformations—as they display numerous intrachain
contacts—writhe is thermodynamically converted into
twist at large enough repulsion, which is here tuned via
the solution pH. Employing annealed charges to control
repulsion is commonly used to destabilize supramolecular
assemblies and gels [29–31], and it has been proposed as a
possible mechanism to localize and tie knots on diblock
copolymers [31]. However, it has never been considered to
tune the supercoiling in ribbonlike structures.
Achieving dynamic control over twist-writhe intercon-

version and their partition is a promising avenue to tune
the mechanical properties of such materials and complex
fluids, e.g., polyelectrolytes [23], graphene nanoribbons
[32], biological fibers [33,34], catenanes [35–37], circular
helicenes [38], and other ribbonlike molecules [39–43].
Simulation model and method—We consider a single

unknotted ring polymer (Fig. 1) represented as a twistable
elastic chain of N ¼ 200 repulsive monomeric units con-
nected by finitely extensible springs [44] (see Supplemental
Material [45] and Ref. [46] for more details). Each
monomeric unit is a rigid body formed by a central
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Weeks-Chandler-Andersen spherical particle with three
patches that do not interact sterically, but set the monomers’
orientation. The latter is used in modeling torsion between
consecutive pairs of monomeric units using a dihedral
potential, controlling the preferred pitch along the chain
p ¼ 2π=ψ0, where ψ0 is the angle for which the dihedral
potential has the minimum. By choosing appropriate ψ0

(the same for all the bonds), we can control the total degree
of supercoiling σ ¼ jLkj=N, where Lk is the linking
number defined as Lk ¼ N=p and is a measure of the
total torsional-bending stress contained within the polymer
[23]. Bending between consecutive triplets of central beads
is constrained by a Kratky-Porod potential with resulting
persistence length of lp ≈ 25b, where b is the mean bond
length. The parameters of the potentials mimic those of
double-stranded DNA, but our results are generalizable to
other polymers.
The central bead of each monomeric unit is modeled as a

weak acid, which can participate in chemical reaction
equilibrium HA⇌A− þ Hþ, and exists in either charged
(A−) or uncharged (HA) state with charge number Q ¼ −1
or Q ¼ 0, respectively. The system also contains explicit
counterions with excluded volume and charge number
Q ¼ þ1 in such amount so that the overall charge
of the system is zero. The charged moieties interact via
the Coulomb potential U ¼ kBTlBQiQj=r, where lB ¼
e2=ð4πε0εrkBTÞ is the Bjerrum length. The electrostatic
interactions are evaluated using the P3M method [47] with
relative accuracy 10−3 and lB ≈ b, roughly corresponding
to the critical Manning charge density [63–65] chosen to
prevent the counterion condensation.
To sample the configurations and equilibrium charge

states of the model, we use molecular dynamics with
a Langevin thermostat combined with stochastic
Monte Carlo charge-regulation moves [48]. This algorithm
randomly changes the charge state of the monomeric units
in accordance with an acceptance probability that depends
on energy and chemical potentials from the reaction
balance. The algorithm emulates chemical equilibrium of

the acidic groups at a chosen input ΔpH ¼ pH − pKA,
where pH controls the chemical potential of Hþ ions and
pKA ¼ 6.0 is the reaction equilibrium constant, chosen
arbitrarily but within typical range of weak acids, as
detailed in the Supplemental Material [45]. The system
contains no salt or other counterions.
Low supercoiling—First, we focus on flat ribbons with

σ ¼ 0%. The amount of mean charge on a monomeric unit
monotonically increases with ΔpH, in a trend similar for all
degrees of supercoiling but significantly deviating from the
Henderson-Hasselbalch equation, valid for the noninteract-
ing system, Fig. 2(a). Within the explored range, at a given
ΔpH the interacting system is charged less, in comparison
to the ideal system. As we increase ΔpH and with it the
amount of charge on the polymer, it becomes progressively
harder to charge up more of the units because of the
repulsive interactions between the like-charged monomeric
units on the polymer contour, posing an excess free energy
penalty for charging, coined as the polyelectrolyte effect
[49,50,66,67]. To overcome the penalty, one has to impose
higher chemical potential by increasing ΔpH, resulting in a
shift of the ionization response to higher values of ΔpH as
compared to the ideal case.
Accumulation of the charge on the polymer contour

causes conformational changes shown in Fig. 2(b). By
increasing ΔpH, the ring swells to mitigate the strong
repulsions between like-charged monomeric units, result-
ing in almost 30% increase of minimal surface area and
radius of gyration in the limit of maximal charging
(ΔpH ¼ 5), as compared to the limit of the uncharged
ring (ΔpH ¼ −1). Concomitantly, the average shape of
rings changes from spherical into more disklike (Fig. S3 in
Supplemental Material [45]). Finally, for the flat ribbon,
σ ¼ 0%, and as Fig. 2(c) shows, both twist and writhe of
the ribbon are zero in the whole range of the ΔpH values,
as increasing either of them would increase bending or
torsional energy, respectively.
Next, we focus on the case of low but nonzero super-

coiling σ ¼ 1%. In the limit of the uncharged polymer, the
resultant conformations on Fig. 2(d) are rather compact
[Fig. 2(b)] and writhe-dominated [Fig. 2(c)], resulting in
almost zero twist. Nevertheless, high writhe inevitably
entails abundant close contacts between monomeric units;
increasing ΔpH and associated charging disfavors such
structures, promoting swelling and separation between the
charged monomers. Since increasing monomer separation
and swelling necessarily reduces the overall writhe (self-
entanglement) of the polymer to conserve the global Lk,
the polymer must increase its twist, as seen in Fig. 2(c).
Eventually, this leads to fully swollen disklike twist-
dominated conformations Fig. 2(d). The minimal surface
area of the ring due to pH sweep in the full range
of charging increases more than three times, underlining
the potential of this mechanism to control the conformation
of ribbonlike polymers in solution. The transition

FIG. 1. Left: schematic depiction of three key components of
polymer bending, torsion, and pH-controlled chemical equilib-
rium. Right: snapshot of a twist-rich ring polymer with σ ¼ 1% at
ΔpH ¼ 5 with the inset showing a detail of the patches inscribing
orientation into the monomeric units.
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from plectonemic (writhe-rich) to swollen (twist-rich) is
smooth and does not show signs of a sharp first-order
phase transition.
High supercoiling—In the limit of high supercoiling

σ ≳ 2.0%, uncharged rings (ΔpH ¼ −1) are dominated
by writhe and exhibit tight supercoiled conformations
[Fig. 2(e)], with available surface area significantly smaller
than their low supercoiling counterparts. These configura-
tions are reminiscent of double-folded ring polymers,
which can be observed in melts [51,68]; nevertheless,
the double-folded conformations of our polymer with
N ¼ 200 are linearlike, as opposed to branched trees,
observed in melts of long rings (N ≳ 800). When increas-
ing ΔpH, the polymer contour charges up, the conforma-
tion remains tight, but the double-folded chain straightens
up, becoming rodlike due to electrostatic persistence,
known from conventional polyelectrolyte theories [69].
Only at ΔpH≳ 1, we observe larger conformational
changes, namely loosening of the double-folded confor-
mation and creation of swollen loops, which concentrate
charges and, by swelling, facilitate mitigation of electro-
static repulsions, as shown in Fig. 2(e). This conforma-
tional change is accompanied by loss of writhe at the
expense of gained twist [Fig. 2(c)]. Ultimately, at ΔpH≳ 3,
the charged loops fuse into a highly swollen, twist-
dominated and higher-than-average charged region, which
coexists with a writhe-dominated, lower-than-average
charged subchain. In Fig. 3, we show the local writhe,
local twist, and local charge profiles along a representative
molecule. From this figure it is clear that the local topology
of the molecule (writhe- or twist-rich domains) is linked to

the local charging in those segments. Indeed, the segments
with local writhe close to zero exhibit charge density above
average, while segments with nonzero writhe have charge
density below average. This is an example of a topologi-
cally constrained microphase separation, where writhe-
dominated and twist-dominated domains coexist along
the same molecule. To our knowledge, this type of domain
formation has neither been predicted nor observed for
isolated ribbonlike polyelectrolytes in solution.
Landau theory—To rationalize the observed microphase

coexistence and transition from writhe-dominated to twist-
dominated conformations, we model the system using a
phenomenological Landau-like mean field theory. Guided
by the underlying symmetries of the system, we write the
free energy in the form F ¼ a0ϕ2 þ a1ϕ4 þ a2ðw − w0Þ2þ
a3ðw − w0Þ4 þ χw2ϕ2 − μϕ, where the order parameter ϕ
represents the charge density, μ is the corresponding
chemical potential (a proxy of ΔpH), and w is the writhe
density—a nonconserved order parameter capturing the
supercoiling conformational features. Note that we chose to
model the writhe field w, which thus need not be conserved,
as opposite to the linking number field (see End Matter
for details). The coupling between the charge and the
conformation is governed by the parameter χ > 0 and the
squares of both, w and ϕ, because our model does not
distinguish between left- and right-handed torsion as well
as the sign of the charge. At zero coupling, the free energy
is minimized at w ¼ w0 (a proxy for σ) that reflects the
initial supercoiling degree at zero charge density. We note
that our free energy resembles the one successfully
employed to describe the melting of torsionally constrained
DNA [21], with the difference that here we model the

FIG. 2. Global properties of the system for different degrees of supercoiling σ. (a) Mean charge on a monomeric unit as a function of
pH. The dotted line corresponds to the noninteracting system. (b) Area of the minimal surface spanned on the ring as a function of pH,
showing conformational opening upon charging. (c) Total writhe and total twist of the polymer as a function of pH, showing topological
changes upon charging. (d),(e) Representative snapshots of ring conformations at low and high supercoiling, respectively, for selected
pH values covering the whole range of possible charge states.
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writhe field (instead of the supercoiling field) and the
charge field (instead of the denaturation field).
In Fig. 4, we show various representations of the phase

diagram resulting from the free energy for μ > 0, corre-
sponding to the chosen charge sign. For definitiveness, we
set all parameters a0, a1, a2, a3 to unity, while the coupling
parameter χ is set to χ ¼ 100. The qualitative features of the
phase diagram are not sensitive to these choices provided
all the parameters are positive (as they should be to capture
some basic physical ingredients such as to favor w ¼ w0

with no charge and ϕ ¼ 0, and to disfavor higher super-
coiling at nonzero charge). For given μ and w0, minimi-
zation of the free energy F with respect to ϕ results in a
single minimum at ϕðw; μÞ > 0 [see Fig. 4(b)]. Note that
the monotonic ϕðw; μÞ is independent of w0, showing,
however, that one requires higher μ to charge a system with
higher w (see Supplemental Material [45], Fig. S8), in
agreement with our simulations, Fig. 2(a). Inserting the
equilibrium ϕðw; μÞ back into the Landau expression, we
study the resulting free energy profile Fðw;w0; μÞ. At low
supercoiling w0, the free energy has a single minimum,
which for low charge is located close to w ¼ w0 and
progressively deepens and shifts toward w ¼ 0 (zero
writhe) as μ is increased (points A–C in Fig. 4). This
transition agrees with our observations for low super-
coiling, shown in Fig. 2(d). As ΔpH is increased,
writhe-dominated conformations transform into twist-
dominated swollen conformations with zero writhe overall.
At high supercoiling the free energy has a more complex

behavior. At low charge there is still just a single minimum
close to w ¼ w0, but as μ (or ΔpH) is increased, we observe
that F develops a second, higher, local minimum closer to
w ¼ 0, which progressively deepens and starts to dominate

FIG. 3. Relation between local geometry and local charging for
a single ring configuration at σ ¼ 2% and ΔpH ¼ 3. (a) Local
writhe (solid) and local twist (dashed) on a monomer, for all the
monomers along the contour. (b) Local mean charge on the
monomers along the contour with the dashed black line corre-
sponding to the mean charge averaged over the whole ring. To
suppress noise, all of the local quantities for a monomer are
averaged over the probe monomers and its five neighboring units
in both directions along the contour. The color coding corre-
sponds to specific parts of the contour as shown on the inset
snapshot.

FIG. 4. Describing the conformational transitions using the Landau theory. (a) The phase diagram on the pH-supercoiling plane, using
the chemical potential μ and the supercoiling parameter w0 as coordinates. The colored domain corresponds to the two-phase region with
color corresponding to the free energy difference between the two solutions (see color bar on the right), and the large gray dot denotes
the critical point. (b) Free energy profiles (solid) after substitution of the ϕðw; μÞ value obtained by minimizing F with respect to ϕ as a
function of writhe for the low supercoiling case, and for the three selected points from (a). Dashed lines mark the free energy minima.
(c) Same as panel (b) for the high supercoiling case, for five selected points from panel (a).
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as the original minimum vanishes. This behavior is
characteristic of a first-order, abrupt phase transition, as
the system switches from one minimum to another. We also
find a line of equal depth minima in the w0 − μ plane that
ends at a critical point (at about wc

0 ¼ 0.21, μc ¼ 0.43)
exhibiting a second-order conformational phase transition.
Despite the fact that F displays a first-order behavior, we

should note that, in practice, the writhe field is constrained
by the WFC theorem. This gives rise to the topologically
controlled microphase separation that we observed in
simulations. Close to the first-order transition, the free
energy becomes concave in a range of writhe w, and the
system partitions into domains that are writhe rich and twist
rich to globally conserve the linking number (or super-
coiling). This phase separation hides the first-order nature
of the transition in our simulations [21]. Finally, we have
confirmed that the choice of the coupling parameter χ does
not alter the topology of the phase diagram. Indeed, there
exists a line of critical points [μcðχÞ, wc

0ðχÞ] in an extended,
three-dimensional phase diagram parameterized by the
triplet μ, w0, and χ.
Conclusions—We have combined computer simulations

with a phenomenological Landau theory to examine the
intricate interplay between charge density and topological
features in supercoiled annealed polyelectrolytes. We have
shown that for low degrees of supercoiling, a neutral and
writhe-dominated polymer will convert writhe into twist as
a result of an increase in the pH. In contrast, for high
supercoiling the same mechanism leads to a topologically
constrained domain coexistence: an overcharged twist-rich
domain coexists with an undercharged writhe-rich one.
Recent progress in synthetic methods enabled prepara-

tion of nucleotides functionalized by weakly acidic side
chains [70]. These nucleotides can be polymerized to
linear fragments of superanionic acidic DNA up to several
hundreds of base pairs, preserving the secondary and
tertiary structure of the DNA. In such derivatives, the
DNA essentially provides a scaffold controlled by the WFC
theorem, and the charge regulation would take place on the
weakly acidic side chains, not directly on the DNA
phosphates. While DNA rings with such chemistry have
not been synthesized yet, we propose that such macro-
molecules, created either by polymerization or by func-
tionalization of plasmids, could be excellent candidates to
exhibit topology-controlled transitions steered by the
charge regulation of the side chains tuned by pH.
The control over electrostatic repulsions can be attained

also by adding salt (see Fig. S5 in Supplemental Material
[45]). Since swollen circular polymers have, at infinite
dilution, significantly different rheological response to
shear and elongational flow than double-folded, thin ones
[71–75], we argue that our findings may be experimentally
verifiable using functionalized supercoiled DNA rings in
microfluidic channels with buffers with controllable pH
or, alternatively, with optical tweezers in the presence of

intercalating dyes [76,77]. For concentrated systems,
the electrostatic interactions will be screened to some
degree, depending on concentration. Our additional simu-
lations employing screened Coulomb interactions (see
Supplemental Material [45]) demonstrate that the key
features of the phenomena presented in this Letter remain
unaffected albeit weakened quantitatively by the effect of
salt. Moreover, recent findings regarding charged, stiff ring
polymers at high concentrations [78] show that charged
minirings organize in stacks of oblate, open conformations
penetrated by “needles” of prolate ones. A likely scenario
for concentrated solutions of ribbonlike polymers is, thus,
the emergence of twist-rich domains that would again self-
organize into stacks, whereas a minority of rings could
remain writhe rich and thread through these stacks in the
region populated by the counterions, which provide strong
screening and, therefore, favor writhed configurations.
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End Matter

Landau theory details—The use of a nonconserved
writhe field instead of a linking number field means that
in principle the optimal writhe value could then exceed
the linking number; this does not happen in practice for
the parameter choices at hand, which, therefore, provide
a quantitative rationalization of the simulation results.
The nonconserved character of w implies that the system
chooses the value of the writhe that minimizes its free

energy, which is equivalent to saying that the chemical
potential corresponding to the writhe vanishes
identically, μw ¼ 0. Accordingly, there is no μww term in
the Landau free energy, and no common tangent
construction can be made between phases of different
values of the writhe. Coexistence of two such phases
can only occur when two equal minima of F with
respect to w occur.
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